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Introdution
Orbifolds arise in geometry in two dierent ways and as a onsequene
they an be given two dierent desriptions. On one hand, as a topo-
logial spae Y (respetively an algebrai variety) whih is the union
of open subsets U of the form U = U˜/G, where U˜ is a smooth mani-
fold (respetively a smooth variety) and G is a nite group ating on it
by dieomorphisms (respetively algebraially). The data (U, U˜, G), as
U varies, dene an orbifold struture [Y ] on Y . This way of thinking
about orbifolds is in some sense onrete and geometri, but, to dene
a good notion of maps between suh objets requires some work. On
the other hand, from moduli problems, orbifolds arise in a more ab-
strat but stil natural way. Orbifolds arising from moduli problems are
alled smooth algebrai staks in the sense of Deligne-Mumford [21℄.
If [Y ] denotes suh a stak, the oarse moduli spae Y assoiated to
it is, loally in the étale topology, the quotient of a smooth variety by
the ation of a nite group. This variety parametrizes objets modulo
isomorphisms.
Gromov-Witten invariants for proper orbifolds have been dened
rst by Chen and Ruan [17℄ for almost omplex orbifolds. Their on-
strution arises from orbifold string theory introdued by Dixon, Har-
vey, Vafa and Witten [22℄, [23℄, for orbifolds whih are global quotients.
In the algebrai ategory, orbifold Gromov-Witten theory has been de-
veloped by Abramovih, Corti, Graber and Vistoli [1℄, [2℄. The de-
nition of Gromov-Witten invariants for orbifolds is similar to that for
almost omplex manifolds and smooth varieties. The main hange is
that one replaes stable maps by twisted stable maps; these are orb-
ifold morphisms from nodal urves with orbifold struture to a target
orbifold. These morphisms have to satisfy some stability onditions
that guarantee the existene of a ompat moduli spae. Similar to the
smooth ase, the genus zero orbifold Gromov-Witten invariants an be
used to dene an orbifold quantum ohomology. The degree zero part
of the orbifold quantum ohomology, i.e. using only degree zero maps,
is the orbifold ohomology ring of [Y ].
The orbifold ohomology of [Y ] has been dened by Chen and Ruan
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[16℄ for almost omplex orbifolds. This has been extended to a non-
ommutative ring by Fantehi and Göttshe [28℄ in the ase where the
orbifold is a global quotient. Abramovih, Graber and Vistoli dened
the orbifold ohomology in the algebrai ase [2℄.
The underlying vetor spae of the orbifold ohomology is the diret
sum of the ohomology of Y and the ohomology of the twisted se-
tors. These are orbifolds that parametrize points of [Y ] together with
nontrivial automorphisms. Note that, if U = U˜/G is an open subset
of Y and y˜ ∈ U˜ , by an automorphism of y˜ we mean an element of the
stabilizer of y˜ in G. Twisted stable maps, being orbifold morphisms,
arry informations about automorphisms of points. So, twisted setors
ome naturally in the piture of orbifold ohomology.
We an see here a dierene between the smooth ase and the orb-
ifold ase. In the smooth ase, the degree zero part of the quantum
ohomology is the ordinary ohomology of the target spae. In the orb-
ifold ase, the degree zero part ontains the ordinary ohomology of Y
as a subring.
Let [Y ] be a global quotient orbifold, i.e. its underlying spae Y
is of the form Y = X/G. Originating in Physis [22℄, [23℄, [62℄, oho-
mologial invariants of the orbifold [Y ] have been dened and studied
[6℄. These invariants an be reovered from the additive struture of
H∗orb([Y ]). However, the orbifold ohomology ring ontains muh more
information, notably the orbifold up produt.
Assume that [Y ] is a Gorenstein orbifold (see Denition 2.4.3) and
that the oarse moduli spae Y admits a repant resolution ρ : Z → Y :
this means that Z is a smooth variety, ρ is an isomorphism outside the
singular lous and ρ∗(KY ) = KZ (see also Denition 2.4.4). Here KY
and KZ are the anonial bundle of Y and Z respetively.
Motivated from Physis, Ruan stated the following ohomologial
repant resolution onjeture [52℄, see also Conjeture 2.4.16. Let ρ :
Z → Y be a repant resolution, assume further that we have hosen
an integral basis β1, ..., βn of the kernel Ker ρ∗ of the group homomor-
phism ρ∗ : H2(Z,Q)→ H2(Y,Q). Then, we assign a formal variable ql
to eah lass βl. Using ontributions from genus zero Gromov-Witten
invariants of Z whose homology lasses belong to Ker ρ∗, we an de-
form the ordinary up produt on H∗(Z,C) in order to obtain new ring
strutures. This deformation will depend on the omplex parameters
q1, ..., qn. Giving these parameters the same value −1, we get the so
alled quantum orreted ohomology ring H∗ρ(Z,C). Then the onje-
ture states that, under suitable assumptions, H∗ρ(Z,C) is isomorphi to
H∗orb([Y ]).
There are several motivations for studying this onjeture. It is re-
vii
lated to the problem of understanding the behaviour of quantum oho-
mology under birational transformations. Another motivation omes
from mirror symmetry as most of the known Calabi-Yau 3-folds are
repant resolution of Calabi-Yau orbifolds.
The onjeture has been proved in the following ases: for Y = S(2),
the symmetri produt of a ompat omplex surfae S, and Z = S [2]
the Hilbert sheme of two points in S, in [38℄; for Y = S(r), the sym-
metri produt of a omplex projetive surfae S with trivial anonial
bundle KS ∼= OS, and Z = S [r] the Hilbert sheme of r points in S, in
[28℄, Theorem 3.10; for Y = V/G the quotient of a sympleti vetor
spae of nite dimension by a nite group of sympletit automorphisms,
and Z a repant resolution, when it does exists, in [32℄, Theorem 1.2.
Notie that in the last two ases, the repant resolution Z has a holo-
morphi sympleti form, so the Gromov-Witten invariants vanish and
there are no quantum orretions. This means that the orbifold oho-
mology ring is isomorphi to the ordinary ohomology ring of Z.
In this thesis, we study Ruan's onjeture for orbifolds with transver-
sal ADE singularities, whih are in a sense the simplest ones to whih
the onjeture applies. Indeed, assume that in the orbifold [Y ] the
open subset of points with trivial automorphisms group is dense. If
[Y ] is Gorenstein, and even under the muh more general assumptions
that no hart (U, U˜, G) ontains a pseudoreetion, then the orbifold
struture [Y ] an be reovered by the singular variety or analyti spae
Y . The simplest possible Gorenstein singularities are the ADE surfae
singularities (or rational double points also alled Du Val singularities).
An orbifold [Y ] has transversal ADE singularities if, étale loally,
the oarse moduli spae Y is isomorphi to a produt R × Ck, where
R is a germ of an ADE singularity. In general for any Gorenstein orb-
ifold [Y ], there exists a losed subset W ⊂ Y of odimension ≥ 3 suh
that Y \W has transversal ADE singularities. So the ase we study is
in a natural sense the simplest, ignoring higher odimension phenom-
ena. On the other hand, transversal ADE singularities our natural
in many ontexts: transversal A1 in S
(2)
for S a surfae; transversal An
in many omplete intersetions in weighted projetive spaes; they also
are, at least loally, examples of sympleti orbifolds.
In this thesis, we lay down the struture to deal with general ADE
singularities. After that, we onentrate on the transversal An ase,
with a further mild tehnial assumption we address Ruan's onjeture
by omputing expliitly both the orbifold ohomology and the quan-
tum orretions. The former is ahieved in general, for the later we
have an expliit onjeture (see Conjeture 5.1.6) whih is only veri-
ed under additional, and somewhat unnatural, tehnial assumptions.
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We inlude a sketh of an argument whih would prove the onje-
ture in general, assuming some tehnial results whih we annot so far
prove. The onjeture is proven fully in the transversal A1 ase. Finally,
we onstrut an expliit isomorphism between the orbifold ohomology
ring H∗orb([Y ]) and the quantum orreted ohomology ring H
∗
ρ(Z) in
the transversal A1 ase, verifying Ruan's onjeture. In the transversal
A2 ase, the quantum orreted 3-point funtion (see Chapter 2.4.2) an
not be evaluated in q1 = q2 = −1, so thatH∗ρ(Z,C) is not dened. Thus
Ruan's onjeture has to be slightly modied. However we have found
that, if q1 = q2 is a third root of the unit dierent to 1, then the re-
sulting ring H∗(Z)(q1, q2) is isomorphi to the orbifold ohomology ring
H∗orb([Y ]). Also in this ase we give an expliit isomorphism between
them (see Theorem 6.2.4). Thus proving a slightly modied version of
Ruan's onjeture. We expet that in the An ase, the same modia-
tion of Ruan's onjeture holds, i.e. if q1 = ... = qn is an (n+1)-th root
of unity suh that q1 · · · qn 6= 1, the resulting ring H∗(Z)(q1, ..., qn) is
isomorphi to the orbifold ohomology ring H∗orb([Y ]).
The struture of the thesis is the following.
In Chapter 1 we ollet some basi denitions on orbifolds, mor-
phisms of orbifolds and orbifold vetor bundles. In Chapter 2 we rst
review the denition of orbifold ohomology ring for a omplex orb-
ifold, then we state the ohomologial repant resolution onjeture as
given by Ruan in [52℄. In Chapter 3 we dene orbifolds with transver-
sal ADE-singularities, see Denition 3.2.5. Then we give a desription
of the twisted setors in general. Finally we speialize to orbifolds
with transversal An-singularities and, under the tehnial assumption
of trivial monodromy, we ompute the orbifold ohomology ring. In
Chapter 4 we study the repant resolution. We rst show that any
variety with transversal ADE-singularities Y has a unique repant res-
olution ρ : Z → Y , Proposition 4.2.1. Then we restrit our attention
to the ase of transversal An-singularities and trivial monodromy and
we give an expliit desription of the ohomology ring of Z. Chapter
5 ontains the omputations of the Gromov-Witten invariants of Z in
the An ase. We also give a desription of the quantum orreted o-
homology ring of Z. In Chapter 6 we prove Ruan's onjeture in the
A1 ase and, in the A2 ase with minor modiations.
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Chapter 1
Orbifolds
We ollet here some basi denitions. First of all we dene smooth
(or C∞) orbifolds and omplex holomorphi orbifold using loal harts,
then we give some examples of orbifolds to explain the denition. We
give the denition of a morphism between orbifolds and we show that
the ategory of orbifolds is a 2-ategory, whih means that given two
orbifolds the set of morphisms between them has a struture of a
groupoid. Finally we dene orbifold vetor bundles over a given orb-
ifold. As an example of orbifold vetor bundle, we will reall the de-
nition of the tangent bundle to any given orbifold.
1.1 Denition of orbifold
The notion of orbifold was rst introdued by Satake in [53℄ under
the name of V -manifold. A haraterization of orbifolds, as dened by
Satake, in terms of their sheaves is given in [43℄. A dierent denition
was given by Chen and Ruan in [17℄. The seond denition is slightly
more general than the rst, indeed it leads to the notion of non-redued
orbifold while an orbifold as dened by Satake is alled redued. In [17℄,
setion 4.1, the authors prove that the two denitions are equivalent,
one restrited to redued orbifolds.
In this paper we will follow [53℄ and [43℄ with minor modiations
in order to inlude non-redued orbifolds.
Let Y be a paraompat Hausdor topologial spae. A uniformiz-
ing system for an open subset U ⊂ Y is a olletion of the following
objets:
U˜ a onneted open subset of Rd;
G a nite group of C∞-automorphisms of U˜ suh that: the xed-
point set of eah element of the group is either the whole spae
1
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or of odimension at least 2, the multipliation in G is given by
g1 · g2 = g1 ◦ g2 where ◦ is the omposition;
χ a ontinuous map U˜ → U that indues an homeomorphism from
U˜/G to U , where U˜/G is the quotient spae with the quotient
topology. Here G ats on U˜ on the left.
We will all the subgroup of G whih onsists of elements xing the
whole spae the kernel of the ation, and it will be denoted by Ker(G).
Notation 1.1.1. Given an open subset U of Y , a uniformizing system
for U will be denoted by (U˜ , GU , χU). If the dependene on U is lear
from the ontext, it will also be denoted by (U˜ , G, χ).
Denition 1.1.2. The dimension of an uniformizing system (U˜ , G, χ)
is the dimension of U˜ as a real manifold.
Let (U˜ , G, χ) and (U˜ ′, G′, χ′) be uniformizing systems for U and U ′
respetively, and let U ⊂ U ′. An embedding between suh uniformizing
systems is a pair (ϕ, λ), where ϕ : U˜ → U˜ ′ is a smooth embedding suh
that χ′ ◦ ϕ = χ and λ : G → G′ is a group homomorphism suh that
ϕ ◦ g = λ(g) ◦ ϕ for all g ∈ G. Furthermore, λ indues an isomorphism
from Ker(G) to Ker(G′).
Denition 1.1.3. An orbifold atlas on Y is a family U of uniformiz-
ing systems for open sets in Y satisfying the following onditions:
1. The family χ(U˜) is an open overing of Y , for (U˜ , G, χ) ∈ U .
2. Let (U˜ , G, χ), (U˜ ′, G′, χ′) ∈ U be uniformizing systems for U and
U ′ respetively, and let U ⊂ U ′. Then there exists an embedding
(ϕ, λ) : (U˜ , G, χ)→ (U˜ ′, G′, χ′).
3. Let (U˜ , G, χ), (U˜ ′, G′, χ′) ∈ U be uniformizing systems for U and
U ′ respetively. Then, for any point y ∈ U ∩ U ′, there exists an
open neighbourhood U ′′ ⊂ U ∩ U ′ of y and a uniformizing system
(U˜ ′′, G′′, χ′′) for U ′′ whih belong to the family U .
Two suh atlases are said to be equivalent if they have a ommon
renement, where an atlas U is said to rene V if for every hart in U
there exists an embedding into some hart in V.
A smooth orbifold struture on a paraompat Hausdor topolog-
ial spae Y is an equivalene lass of orbifold atlases on Y .
1.1. DEFINITION OF ORBIFOLD 3
Notation 1.1.4. We denote by [Y ] the smooth orbifold struture on
the topologial spae Y . We will all this simply an orbifold.
Denition 1.1.5. The orbifold [Y ] is said of real dimension d if
all the uniformizing systems of an atlas have dimension d. The real
dimension of [Y ] will be denoted by dimR[Y] or, by abuse of notation
by dim[Y] .
Remark 1.1.6. Every orbifold atlas for Y is ontained in a unique
maximal one, and two orbifold atlases are equivalent if and only if they
are ontained in the same maximal one. Therefore we shall often taitly
work with a maximal atlas.
Proposition 1.1.7 ([43℄ Proposition A.1). Let (ϕ, λ) and (ψ, µ) be two
embeddings from (U˜ , G, χ) to (U˜ ′, G′, χ′). Then, there exists a g′ ∈ G
suh that
ψ = g′ ◦ ϕ and µ = g′ · λ · g′−1.
Moreover, this g′ is unique up to omposition by an element of Ker(G′).
Remark 1.1.8. Notie that, for any uniformizing system (U˜ , G, χ)
and g ∈ G, there exists a g′ ∈ G′ suh that ϕ ◦ g = g′ ◦ ϕ. Moreover
this g′ is unique up to an element in Ker(G′). Thus, in the denition
of an embedding (ϕ, λ), the existene of λ is required to guarantee a
ontinuity for the kernels of the ations.
Remark 1.1.9. The previous remark implies that, for any embedding
(ϕ, λ), the group homomorphism λ is injetive.
Lemma 1.1.10 ([43℄, LemmaA.2). Let (ϕ, λ) : (U˜ , G, χ)→ (U˜ ′, G′, χ′)
be an embedding. If g′ ∈ G′ is suh that ϕ(U˜) ∩ (g′ ◦ ϕ)(U˜) 6= ∅, then
g′ belongs to the image of λ.
Remark 1.1.11. Let (U˜ , G, χ) be a uniformizing system for the open
subset U of Y . Let U ′ ⊂ U be an open subset. Then we have an
indued uniformizing system (U˜ ′, G′, χ′) for U ′, where U˜ ′ is a onneted
omponent of χ−1(U ′) and G′ is the maximal subgroup of G that ats
on U˜ ′. Clearly there is an embedding of (U˜ ′, G′, χ′) in (U˜ , G, χ).
It follows that, for a given orbifold [Y ], we an hoose an orbifold
atlas U arbitrarily ne.
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Remark 1.1.12. Let [Y ] be an orbifold and let (U˜1, G1, χ1), (U˜2, G2, χ2)
be uniformizing systems for open subsets U1, U2 of Y in the same
orbifold struture [Y ]. For any point y ∈ U1 ∩ U2, there is an open
neighbourhood U12 of y suh that U12 ⊂ U1 ∩ U2, a uniformizing
system (U˜12, G12, χ12) for U12, ompatible with [Y ], and embeddings
(ϕi, λi) : (U˜12, G12, χ12) → (U˜i, Gi, χi) for i ∈ {1, 2}. So, we get the
isomorphism:
ϕ12 := ϕ2 ◦ ϕ−11 : ϕ1(U˜12)→ ϕ2(U˜12).
Let now U1, U2 and U3 be open subsets of Y suh that U1 ∩ U2 ∩
U3 6= ∅, and assume that there are uniformizing systems (U˜1, G1, χ1),
(U˜2, G2, χ2) and (U˜3, G3, χ3) for U1, U2 and U3 respetively. Then, from
Proposition 1.1.7, there exists g ∈ G3 suh that
ϕ23 ◦ ϕ12 = g ◦ ϕ13,
where the equation holds if we restrit the funtions to some open
subsets of the domains.
Denition 1.1.13. A redued orbifold is an orbifold struture [Y ] on
Y suh that there exists an orbifold atlas U for [Y ] with the following
propertiy: for any uniformizing system (U˜ , G, χ) ∈ U , Ker(G) is the
trivial group.
Denition 1.1.14. Let [Y ] be a smooth orbifold and y ∈ Y be a point.
A uniformizing system for [Y ] at y is given by an open neighbour-
hood Uy of y in Y and a uniformizing system (U˜ , G, χ) for Uy in the
orbifold struture [Y ] suh that, U˜ ⊂ Rd is a ball entered in the origin
0 ∈ Rn, G ats trivially on 0 and χ−1(y) = 0.
Notation 1.1.15. For a given orbifold [Y ] and a point y ∈ Y , a uni-
formizing system at y will be denoted by (U˜y, Gy, χy) and χ(U˜y) by Uy.
The group Gy will be also alled the loal group at y.
We now dene a omplex orbifold. We will use the same notation
as in the smooth ase.
Let Y be a paraompat Hausdor topologial spae. A omplex
uniformizing system for an open subset U of Y is a triple (U˜ , G, χ),
where U˜ ⊂ Cd is a onneted open subset, G is a nite group of holo-
morphi automorphisms of U˜ and χ is a ontinuous map satisfying the
same properties required in the smooth ase.
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Denition 1.1.16. The omplex dimension of a omplex uniformiz-
ing system (U˜ , G, χ) is the dimension of U˜ as a omplex manifold.
Let (U˜ , G, χ) and (U˜ ′, G′, χ′) be omplex uniformizing systems for
U and U ′ respetively, and let U ⊂ U ′. A omplex embedding between
suh uniformizing systems is a pair (ϕ, λ) satisfying the same properties
stated in the smooth ase but where ϕ : U˜ → U˜ ′ is holomorphi.
Denition 1.1.17. A omplex orbifold atlas on Y is a family U
of omplex uniformizing systems for open sets in Y satisfying the on-
ditions 1., 2. and 3. of Denition 1.1.3 where we replae embeddings
with omplex embeddings.
Two suh atlases are said to be equivalent if they have a ommon
renement, where an atlas U is said to rene V if for every hart in U
there exists a omplex embedding into some hart in V.
A omplex orbifold struture on a paraompat Hausdor topo-
logial spae Y is an equivalene lass of omplex orbifold atlases on
Y .
Denition 1.1.18. The omplex orbifold [Y ] is said of omplex di-
mension d if all the uniformizing systems of a omplex atlas have
omplex dimension d. The omplex dimension of [Y ] will be denoted by
dimC[Y] or, by abuse of notation by dim[Y] .
Remark 1.1.19. Proposition 1.1.7, Lemma 1.1.10 and Remarks 1.1.6,
1.1.8, 1.1.9, 1.1.11 and 1.1.12, holds in the omplex ase. The notions
of redued omplex orbifold and of uniformizing systems at a point are
dened for omplex orbifolds in the same way of the smooth ase.
Lemma 1.1.20 (Linearization lemma,[15℄ Theorem 4.). Let [Y ] be a
omplex orbifold and let y ∈ Y be a point. Then we an hoose a loal
uniformizing system (U˜y, Gy, χy) at y suh that Gy ats linearly on U˜y.
1.2 Examples of orbifolds
In this setion we give some examples of orbifolds, prinipally of om-
plex orbifolds.
Example 1.2.1. [Smooth and omplex manifolds℄ Let Y be a smooth
(resp. omplex) manifold. Let (U, α) be a hart, where U ⊂ Y is open
and α : U → Rd (resp. Cd) is an homeomorphism with the image.
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Then (U˜ = α(U), G = {1}, χ = α−1) is a smooth (resp. omplex)
uniformizing system for U . Let (U ′, α′) be another hart in the same
smooth (resp. omplex) atlas of (U, α). Then the previous onstrution
gives smooth (resp. omplex) uniformizing system for U∩U ′ and for U ′.
Moreover we have smooth (resp. omplex) embeddings orresponding
to U ∩ U ′ ⊂ U, U ′. It follows that a smooth (resp. omplex) manifold
has a natural orbifold struture.
Example 1.2.2 (Global quotients). LetX be a smooth (resp. omplex)
manifold with the ation of a nite group of dieomorphisms (resp.
biholomorphi transformations) G. Let Y be the quotient spae with
the quotient topology, Y = X/G. Clearly U = {(U = X,G, χ)} is
a smooth (resp. omplex) orbifold atlas for Y , where χ : X → Y is
the quotient map. So the lass of U dene a smooth (resp. omplex)
orbifold struture over Y . This orbifold struture will be denoted by
[X/G] and is alled global quotient .
Example 1.2.3 (Weighted projetive spae [P(a0, ..., ad)]). Let a0, ..., ad
be positive integers. Then P(a0, ..., ad) is, by denition, the quotient
P(a0, ..., ad) = (C
d+1 − {0})/C∗
of Cd+1 − {0} under the equivalene relation
(x0, ..., xd) ∼ (λ
a0x0, ..., λ
aaxd) for λ ∈ C∗.
For any (x0, ..., xd) ∈ Cd+1 − {0} we will denote with [x0, ..., xd] ∈
P(a0, ..., ad) the equivalene lass of (x0, ..., xd).
Let Xi = {xi 6= 0} ⊂ Cd+1 − {0} and Ui = Xi/C∗. For any
i = 0, ..., d, let U˜i = C
d
with oordinates (z0, ..., zˆi, ..., zd) and Gi = µai ,
the group of ai-th rooth of unity, ating on U˜i as follows
ǫ · (z0, ..., zˆi, ..., zd) = (ǫ−a0z0, ..., ǫ−adzd) for ǫ ∈ µai.
Then the map U˜i → P(a0, ..., ad) dened by
(z0, ..., zˆi, ..., zd) 7→ [z0, ..., zi−1, 1, zi+1, ..., zd]
indues an isomorphism between U˜i/µai and Ui.
In order to give an orbifold atlas on P(a0, ..., ad) it is enough to
onstrut, for any [x] ∈ P(a0, ..., ad), a uniformizing system at [x], say
(U˜[x], G[x], χ[x]), and embeddings (U˜[x], G[x], χ[x]) → (U˜i, µai , χi) when-
ever U[x] ⊂ Ui.
Let [x] ∈ Ui, then take any z ∈ U˜i suh that [z] = [x]. Dene G[x]
to be the stabilizer in µai of z. For U˜[x] take a small ball in U˜i suh that
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G[x] ats on it and, for any g ∈ µai −G[x], g(U˜[x])∩ U˜[x] = ∅. Let U[x] be
the quotient of U˜[x] by G[x] and χ[x] : U˜[x] → U[x] be the quotient map.
By onstrution there is an embedding (U˜[x], G[x], χ[x])→ (U˜i, µai , χi).
If U[x] ⊂ Uj for some j 6= i we have to onstrut an embedding
(U˜[x], G[x], χ[x])→ (U˜j , µaj , χj).
Notie that, if Ui ∩Uj 6= ∅, for any z ∈ U˜i suh that [z] ∈ Ui ∩Uj there
is a biholomorphi map with domain a suitable neighbourhood of z in
U˜i and values in U˜j dened as follow
φ˜ij : (z0, ..., zˆi, ..., zd) 7→
(
z0
z
a0/aj
j
, ...,
1
z
ai/aj
j
, ..., zˆj, ...,
zd
z
ad/aj
j
)
where z
1/aj
j is a hoosed aj-th rooth of zj. Then using this we obtain
the required embedding. Notie that, if z′ = φ˜ij(z), then [z
′] = [x] and
the stabilizers of z′ in µaj and of z in µai are isomorphi.
Example 1.2.4 (Hypersurfaes in weighted projetive spaes). We use
the same notation of the previous example. A polynomial F in the
variables x0, ..., xd is weighted homogeneous of degree D, if the following
holds
F (λa0x0, ..., λ
adxd) = λ
DF (x0, ..., xd),
for any λ ∈ C∗. In this ase, the equation F = 0 denes a losed
subvariety Y of P(a0, ..., ad).
Assume that the ane variety {F = 0} is smooth in Cd+1 − {0}.
Than the same onstrution of the previous example an be used to
give an orbifold struture over Y .
Remark 1.2.5. There is a more algebrai onstrution of P(a0, ..., ad)
whih goes as follows ([24℄). Dene S(a0, ..., ad) to be the polynomial
ring C[x0, ..., xd] graded by the ondition deg(xi) = ai, for i ∈ {0, ..., d}.
Then
P(a0, ..., ad) = Proj(S(a0, ..., ad)).
Here we use the denition given in [33℄ for the Proj of a graded C-
algebra.
The ondition for F to be weighted homogeneous of degree D means
that F is homogeneous of degree D in S(a0, ..., ad).
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Let Y to be a variety as in the last example. Then the anonial
sheaf KY of Y is given as follows
KY = OY (D −
d∑
i=0
ai),
where, for any integer m, OY (m) is the sheaf assoiated to the graded
module (S(a0, ..., ad)/(F )) (m), [24℄. See Notation 2.4.2 for the deni-
tion of KY .
This onstrution has been extensively used to give examples of
orbifold with trivial anonial bundle, i.e. Calabi-Yau orbifold.
Remark 1.2.6. In [11℄, the authors introdues the notion of tori
Deligne-Mumford stak, this is an orbifold struture over a simpliial
tori variety. Note that a simpliial tori variety is an algebrai variety
with quotient singularities ([31℄, Setion 2.2).
A tori Deligne-Mumford stak orresponds to a ombinatorial ob-
jet alled a staky fan. A staky fan Σ is a triple onsisting of a nitely
generated abelian group N , a simpliial fan Σ in Q ⊗Z N with d rays
(see [31℄, Setion 2.2, for the denition of a simpliial fan), and a map
β : Zd → N where the image of the standard basis of Zd generates the
rays in Σ.
A rational simpliial fan Σ in some lattie N ∼= Zd (where rational
means that any simplex of the fan is generated by vetors in the lattie)
gives a anonial staky fan Σ = (N,Σ, β) where β is the map dened
by the minimal lattie points on the rays. Hene, there is a natural tori
Deligne-Mumford stak assoiated to every simpliial tori variety.
Notie that weighted projetive spaes and hypersurfaes in weighted
projetive spaes are tori varieties and the orbifold strutures on-
struted in Examples 1.2.3 and 1.2.4 are examples of tori Deligne-
Mumford staks.
1.3 Morphisms of orbifolds
In this setion we review the notion of morphism between two given
orbifolds and of natural transformation between two morphisms of the
same orbifolds. We will see that orbifolds and morphisms form a 2-
ategory: 1-morphisms are morphisms and 2-morphisms are natural
transformations.
Satake in the paper [53℄ dened C∞-map between orbifolds. With
this denition, smooth orbifolds and C∞-maps form a ategory. It turns
out that, given a C∞-map from the orbifold [X ] to the orbifold [Y ], and
an orbifold vetor bundle [E] over [Y ], it is not possible, in general, to
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pull-bak [E] using this map. This point is explained, for example, in
[17℄ Setion 4.4, [43℄ Setion 2 and in [46℄ Setion 2.
In order to be able to pull-bak vetor bundles, the orret denition
of a morphism between two orbifolds is that of strong map dened by
I. Moerdijk and D. A. Pronk in [43℄ (Setion 5), or good map dened
by W. Chen and Y. Ruan in [17℄, Denition 4.4.1. As proved in [39℄,
Proposition 5.1.7, the two denitions are equivalent.
Denition 1.3.1. Let [X ] and [Y ] be two orbifolds, f : X → Y be a
ontinuous map. A ompatible system for f is given by the following
objets:
1. two atlases V and U for [X ] and [Y ] respetively;
2. a orrespondene that assoiates to any uniformizing system (V˜ , H, ρ)
in V, an uniformizing system (U˜ , G, χ) in U and a smooth fun-
tion fV˜ : V˜ → U˜ , suh that
χ ◦ fV˜ = f ◦ ρ;
3. a orrespondene that assoiates to any embedding (ψ, µ) : (V˜ , H, ρ)→
(V˜ ′, H ′, ρ′) an embedding (ϕ, λ) : (U˜ , G, χ)→ (U˜ ′, G′, χ′) between
the orresponding uniformizing systems suh that
fV˜ ′ ◦ ψ = ϕ ◦ fV˜ .
Moreover we require that the assignment of the above objets is funto-
rial with respet to the omposition of embeddings (ψ, µ) : (V˜ , H, ρ) →
(V˜ ′, H ′, ρ′) and (ψ′, µ′) : (V˜ ′, H ′, ρ′)→ (V˜ ′′, H ′′, ρ′′).
Remark 1.3.2. From the denition we have that for any uniformizing
system (V˜ , H, ρ) in V, let (U˜ , G, χ) be the orresponding uniformizing
system of U , then there is a group homomorphism fH : H → G suh
that
fV˜ ◦ h = fH(h) ◦ fV˜ for any h ∈ H.
Notation 1.3.3. A ompatible system for f will be denoted by f˜ :
V → U , where V and U are atlases of [X ] and [Y ] respetively. For any
uniformizing system (V˜ , H, ρ) ∈ V, we will denote by f˜(V˜ , H, ρ) the
orresponding uniformizing system in U . For any embedding (ψ, µ) in
V we will denote by f˜(ψ, µ) the orresponding embedding in U .
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Lemma 1.3.4 ([17℄ Remark 4.4.7). Let f˜i : Vi → Ui, for i ∈ {1, 2}, be
two ompatible systems of the same funtion f : X → Y . Then there
exists a ommon renement V of both V1 and V2, a renement U of
both U1 and U2, and ompatible systems f˜ ′i : V → U , i ∈ {1, 2}, suh
that f˜ ′i is indued by f˜i for any i ∈ {1, 2}.
The previous Lemma means that given two ompatible systems we an
always assume that they are dened over the same atlases.
Denition 1.3.5. Two ompatible systems f˜i : Vi → Ui, for i = 1, 2,
of the same map f , are said equivalent if they oinide when dened
over the same atlases.
A morphism [f ] from the orbifold [X ] to the orbifold [Y ] is given
by a ontinuous map f : X → Y and an equivalene lass of ompatible
systems for f .
We now review the notion of natural transformation between two
morphisms.
Denition 1.3.6. Let f˜1 and f˜2 be ompatible systems for f : X → Y .
Assume that they are dened over the same atlases V and U of [X ]
and [Y ] respetively. A natural transformation from f˜1 to f˜2 is a
orrespondene that assoiates to any uniformizing system (V˜ , H, ρ) ∈
V an automorphism δV˜ of f˜1(V˜ , H, ρ) = f˜2(V˜ , H, ρ) suh that
(f2)V˜ = δV˜ ◦ (f1)V˜ ,
and suh that, for any embedding (ψ, µ) : (V˜ , H, ρ)→ (V˜ ′, H ′, ρ′) in V,
the following diagram ommutes
f˜1(V˜ , H, ρ)
f˜1(ψ,µ)−−−−→ f˜1(V˜ ′, H ′, ρ′)
δV˜
y yδV˜ ′
f˜2(V˜ , H, ρ)
f˜2(ψ,µ)−−−−→ f˜2(V˜ ′, H ′, ρ′).
Remark 1.3.7. Let f˜1, f˜2 : V → U be ompatible systems for f : X →
Y , and let {δV˜ : (V˜ , H, ρ) ∈ V} be a natural transformation between
them. Let V ′ and U ′ be renement of V and U respetively. Then
there is a natural transformation {δ′
V˜
: (V˜ ′, H ′, ρ′) ∈ V ′} between the
ompatible systems f˜ ′1, f˜
′
2 : V ′ → U ′ that are indued by f˜1 and f˜2. We
will say that {δV˜ } and {δ′V˜ } are equivalent.
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Denition 1.3.8. Let [f ]1 and [f ]2 be morphisms from [X ] to [Y ].
A natural transformation between [f ]1 and [f ]2 is an equivalene
lass of natural transformations between two ompatible systems that
represents [f ]1 and [f ]2.
Notation 1.3.9. We will denote a natural transformation between the
morphisms [f1] and [f2] by [f1] ⇒ [f2]. We will use the same symbol
for natural transformations between ompatible systems.
Remark 1.3.10. (Orbifolds as groupoids) Let [Y ] be an orbifold. Any
atlas U of [Y ] determines a groupoid whih represents [Y ]. This is
shown in [44℄ Theorem 4.1.1; for a detailed study of the relations be-
tween orbifolds and groupoids see [43℄, [42℄.
By abuse of notation, we will denote also by U the groupoid asso-
iated to the overing U .
Let [X ] and [Y ] be orbifolds and f : X → Y a ontinuous map.
Then a ompatible system f˜ : V → U indues a morphism of the or-
responding groupoids. Conversely, for any pair of groupoids V and
U that represent [X ] and [Y ] respetively, and a groupoid morphism
f˜ : V → U , there is an indued ompatible system for f . This is the
ontent of Proposition 5.1.7 in [39℄. Moreover, natural transformations
between ompatible systems orrespond to natural transformations be-
tween the assoiated morphisms of groupoids (see [42℄ Setion 2.2 for
the denition of natural transformation of morphisms of groupoids).
So, the notion of ompatible system is the same of strong map intro-
dued in [43℄, Setion 5.
Remark 1.3.11. (Orbifolds as staks) There is another way to dene
orbifolds, that is as smooth Deligne-Mumford staks ([21℄, [27℄, [59℄).
The way to pass from our denition to staks is through groupoids.
Indeed, given an atlas U , we an onstrut the orresponding groupoid
U , then there is a proedure that assoiates to the groupoid U a stak
([59℄, Appendix).
We now show that our denition of morphisms between orbifolds
orresponds to the denition of morphisms between staks.
Proposition 1.3.12. The 2-ategory of orbifolds with orbifold mor-
phisms is equivalent to the 2-ategory of smooth Deligne-Mumford staks
with morphisms of staks.
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Proof. Let (Orb) denote the ategory of orbifolds and orbifold mor-
phisms, and let (Staks) denote the ategory of staks and stak mor-
phisms. From Remark 1.3.11 it follows that we have a orrespondene
that assoiates to any objet [Y ] in (Orb) an objet Y in (Staks). We
now onstrut a orrespondene that assoiates to any morphism in
(Orb) a morphism in (Staks) in suh a way that this gives a funtor
(Orb) → (Staks) suh that, for any pair of orbifolds [X ] and [Y ], the
map
Mor
(Orb)
([X ], [Y ])→ Mor
(Staks)
(X ,Y) (1.1)
is bijetive. Note that this would be an equivalene, indeed any smooth
Deligne-Mumford stak is represented by a groupoid ([59℄ Appendix),
then apply Remark 1.3.10.
Let [f ] : [X ] → [Y ] be a morphism of orbifolds. We onstrut a
morphism F : X → Y of staks in the following way:
1. we give open overings {[V˜i/Hi]}i∈I of X and {[U˜j/Gj]}j∈J of Y ;
2. we dene morphisms Fi : [V˜i/Hi]→ [U˜ν(i)/Gν(i)], where ν : I → J
is a funtion;
3. for any i, i′ ∈ I, we give a natural transformation δii′ : Fii′ ⇒ Fi′i,
suh that δi′i′′ ◦δii′ = δii′′ on triple intersetions, where Fii′ denote
the restrition of Fi to [V˜i/Hi]×X [V˜i′/Hi′].
Let f˜ : V → U be a ompatible system representing [f ]. Then dene
{[V˜i/Hi]}i∈I := {[V˜ /H ] : (V˜ , H, ρ) ∈ V}
and
{[U˜j/Gj]}j∈J := {[U˜/G] : (U˜ , U, χ) ∈ U}.
The funtion ν : I → J is the orrespondene given in point 2 of
Denition 1.3.1. We now dene a morphism Fi : [V˜i/Hi]→ [U˜ν(i)/Gν(i)]
for any i ∈ I. Let fV˜i : V˜i → U˜ν(i) and fHi : Hi → Gν(i) given as in
Denition 1.3.1 and Remark 1.3.2. An objet in [V˜i/Hi] over the base
B is represented by the following diagram:
P
α−−−→ V˜iy
B
where P → B is a prinipal Hi-bundle, and α : P → V˜i is an Hi-
equivariant smooth funtion. This objet an be also given by an open
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overing {Bk}K of B and the following data
hlm ∈ Hi, for any l, m suh thatBl ∩Bm 6= ∅, suh that hmn · hlm = hln
αk : Bk → V˜i, smooth funtions suh that αl = hlm ◦ αm
modulo the equivalene relation that identies hlm with hl ·hlm ·h−1m and
αk with hk ◦ αk for hk ∈ Hi, for any k ∈ K. So, using this desription
of the objets, we dene Fi on the objets to be given by the following
orrespondene
Fi : {hlm, αk}/ ˜7→{glm = fHi(hlm), βk = fV˜i ◦ αk}/˜.
On morphisms, Fi is dened in an analogous way.
Let i, i′ ∈ I. Then, the natural transformation δii′ : Fii′ ⇒ Fi′i is
onstruted as follows. We an over [V˜i/Hi] ×X [V˜i′/Hi′] using open
embeddings that are indued by embeddings of uniformizing systems
as follows
Ψ : [V˜lm/Hlm]→ [V˜i/Hi]×X [V˜i′/Hi′],
where (V˜lm, Hlm, ρlm) ∈ V. Point 3 of Denition 1.3.1 gives natural
transformations from the restrition of Fii′ on [V˜lm/Hlm] to the restri-
tion of Fi′i on [V˜lm/Hlm]. The funtoriality assumption in Denition
1.3.1 ensures that these natural transformations path together to give
δii′. Finally, the oyle ondition on natural transformations follows
from the funtoriality ondition given in Denition 1.3.1.
To show that the map (1.1) is bijetive, we will onstrut an inverse.
Let
F : X → Y
be a morphism of staks. Let x˜ ∈ X be a point, and let (V˜x, Hx, ρx) be
a uniformizing system at x. We assume that V˜x is simply onneted.
We an assume that the restrition of F to [V˜x/Hx] take values in a
global quotient stak [U˜/G]. So, we have
Fx : [V˜x/Hx]→ [U˜/G].
The following objet
V˜x ×Hx −−−→ V˜xy
V˜x
(1.2)
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has group of automorphisms Hx, where the horizontal map V˜x×Hx →
V˜x is given by (ξ, k) 7→ k(ξ) and the vertial map is the projetion.
Indeed, for any h ∈ Hx, the following diagram is artesian
V˜x ×Hx −−−→ V˜x ×Hxy y
V˜x −−−→ V˜x
where the vertial arrows are projetions, the lower horizontal is ξ 7→
h(ξ) and the upper horizontal (ξ, k) 7→ (h(ξ), k ·h−1). So we get a group
homomorphism fHx : Hx → G. Now notie that we have a morphism
V˜x → [U˜/G] whih is the omposition of V˜x → [V˜x/Hx] with Fx. This
orrespond to the following diagram
Q
β−−−→ U˜y
V˜x
(1.3)
where Q → V˜x is a prinipal G-bundle and Q → U˜ is G-equivariant.
But sine V˜x is simply onneted, Q → V˜x has a setion s. So, if we
dene fV˜ = β ◦ s, we get a map fV˜ : V˜x → U˜ . Let h ∈ Hx. If we see h
as an automorphism of (1.2), then Fx(h) is an automorphism of (1.3).
It follows that fV˜ ◦ h = fH(h) ◦ fV˜ .
So, we have onstruted a mapMor
(Staks)
(X ,Y)→ Mor
(Orb)
([X ], [Y ]).
We now show that it is an inverse of (1.1). Consider an objet in
[V˜x/Hx](B). Let it be desribed by the data {hlm, αk} with respet to
the overing {Bk}k∈K . Let us denote the image of this objet under Fx
by {glm, βk}. Then we have the following ommutative diagram
Bk
αk−−−→ V˜x fV˜−−−→ U˜
id
y y y
Bk −−−→ [V˜x/Hx] Fx−−−→ [U˜/G].
This shows that βk = fV˜ ◦ αk. Now, for any l, m ∈ K, the equation
αl = hlm ◦ αm means that hlm is a morphism between two objets over
the same base Blm. Then, if we apply the funtor Fx, we have that
Fx(hlm) is a morphism between the orresponding objets. This shows
that glm = fHx(hlm).
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1.4 Orbifold vetor bundles
We shall now review the denition of orbifold vetor bundles. We will
follow the denition given in [43℄. Then, following [53℄, we will review
the onstrution of the orbifold tangent bundle. The orbifold otangent
bundle and its exterior powers are onstruted in the same way. Then
we review the notion of dierential form and also of the de Rham
ohomology for orbifolds. Finally we reall a Theorem, due to Satake,
whih states that the de Rham ohomology of [Y ] is isomorphi to the
singular ohomology of the underlying topologial spae.
Denition 1.4.1. Let [Y ] be an orbifold and let U be the maximal atlas.
A smooth orbifold vetor bundle [E] on [Y ] is given by:
1. for any uniformizing system (U˜ , G, χ) ∈ U a (ordinary) vetor
bundle EU˜ on U˜ ;
2. for eah embedding (ϕ, λ) : (U˜ , G, χ) → (U˜ ′, G′, χ′) an isomor-
phism E(ϕ, λ) : EU˜ → ϕ∗EU˜ ′, moreover we require that these
isomorphisms are funtorial in (ϕ, λ).
Let [E] be an orbifold vetor bundle on [Y ]. A setion [s] of [E]
is given by a (ordinary) setion sU˜ of EU˜ , for any uniformizing sys-
tem (U˜ , G, χ) ∈ U , suh that, for eah embedding (ϕ, λ) : (U˜ , G, χ) →
(U˜ ′, G′, χ′),
E(ϕ, λ)(sU˜) = sU˜ ′.
Remark 1.4.2. To dene an orbifold vetor bundle [E] on [Y ] (up to
isomorphism), it is enough to speify the bundles EU˜ and vetor bundle
maps E(ϕ, λ) for all uniformizing systems (U˜ , G, χ) in some atlas with
the property that the images U = χ(U˜) ⊂ Y form a basis for the
topology on Y . This is Remark 1, in Setion 2, [43℄.
Remark 1.4.3. Let [E] be an orbifold vetor bundle on [Y ], and let
(U˜ , G, χ) be a uniformizing system. Then eah g ∈ G denes an em-
bedding (g, Adg) : (U˜ , G, χ) → (U˜ , G, χ), where Adg : G → G is given
by g′ 7→ g ◦ g′ ◦ g−1. So, we have an isomorphism
E(g, Adg) : EU˜ → g∗EU˜ .
This denes an ation of G on EU˜ . Thus we see that EU˜ is a G-
equivariant vetor bundle on U˜ .
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Example 1.4.4 (Orbifold tangent and otangent bundle). Let [Y ] be
a smooth orbifold, and let U be the maximal ompatible atlas. The
orbifold tangent bundle of [Y ] is the orbifold vetor bundle T[Y ] dened
as follows:
1. (T[Y ])U˜ = TU˜ is the tangent bundle of U˜ , for any uniformizing
system (U˜ , G, χ);
2. for any embedding (ϕ, λ) : (U˜ , G, χ) → (U˜ ′, G′, χ′), T[Y ](ϕ, λ) =
Tϕ is the tangent morphism of ϕ.
In the same way we dene the orbifold otangent bundle T∨[Y ]. Then
we an form the p-th exterior produt ∧pT∨[Y ].
Denition 1.4.5. Let [Y ] be a smooth orbifold. A dierential p-
form on [Y ] is a setion of ∧pT∨[Y ].
The spae of dierential p-forms over [Y ] will be denoted by Ωp[Y ].
We an dene the exterior dierential d : Ωp[Y ] → Ωp+1[Y ] and the wedge
produt on dierential forms (see [53℄, Setion 3, for more details). So,
we dene the p-th de Rham ohomology group of [Y ] in the usual way:
HpdR([Y ],R) =
Ker(d : Ωp[Y] → Ωp+1[Y] )
Im(d : Ωp−1[Y] → Ωp[Y])
.
The following result holds, see [53℄ Theorem 1, [37℄ pag. 78.
Theorem 1.4.6. For any p ≥ 0, there is a natural isomorphism be-
tween the p-th singular ohomology group Hp(Y,R) of the topologial
spae Y and the p-th de Rham ohomology group HpdR([Y ],R) of the
orbifold [Y ]. Moreover, under this isomorphism the exterior produt in
Ω∗[Y ] orresponds to the up produt in H
p(Y,R).
We an dene onnetions on orbifold bundles. For an orbifold
vetor bundle with a linear onnetion we have harateristi forms by
Weil homomorphism. The ohomology lass of a harateristi form is
independent of the hoie of the onnetion. So we have Euler lasses
for oriented orbifold vetor bundles, Chern lasses for omplex orbifold
vetor bundles, and Pontrjagin lasses for real orbifold vetor bundles.
Moreover one an see that these harateristi lasses are dened over
the rational numbers.
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Integration over ompat orbifolds is dened as follows. First of
all, assume that [Y ] = [V/G] is a global quotient orbifold. Let ω be a
dierential p-form on [Y ]. By denition, ω is a G-equivariant p-form ω˜
on V . Then the integration of ω on [Y ] is dened by∫ orb
[Y ]
ω :=
1
|G|
∫
V
ω˜,
where |G| is the order of the group G. We use the onvention suh that,
if the degree of the dierential form is dierent from the dimension of
the manifold, then the integral is zero.
Let [Y ] be a ompat orbifold. Fix a C∞ partition of unity {ρi}
subordinated to the overing {Ui}, where eah Ui is an uniformized
open set in Y . For any p-form ω on [Y ], the integration of ω over [Y ]
is dened by ∫ orb
[Y ]
ω :=
∑
i
∫ orb
[Ui]
ρi · ω|Ui,
where [Ui] has the global quotient struture. This denition is indepen-
dent of the hoie of the partition of unity ([53℄, Setion 8).
The following Theorem holds, whih is a form of Poinaré Theorem
for orbifolds, see also [53℄, Theorem 3.
Theorem 1.4.7. The bilinear form
HpdR([Y ],R) × Hn−pdR ([Y ],R)→ R
(ω, η) 7→
∫ orb
[Y ]
ω ∧ η
is non degenerate.
We now reall the denition of omplex orbifold vetor bundle and
of holomorphi setion over a omplex orbifold.
Denition 1.4.8. Let [Y ] be a omplex orbifold and let U be the max-
imal atlas. A omplex orbifold vetor bundle [E] on [Y ] is given
by:
1. an ordinary omplex vetor bundle EU˜ on U˜ , for any uniformizing
system (U˜ , G, χ) ∈ U ;
2. an isomorphism E(ϕ, λ) : EU˜ → ϕ∗EU˜ ′ of omplex vetor bundles,
for any embedding (ϕ, λ) : (U˜ , G, χ)→ (U˜ ′, G′, χ′) suh that these
isomorphisms are funtorial in (ϕ, λ).
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Let [E] be an orbifold vetor bundle on [Y ]. A holomorphi se-
tion [s] of [E] is given by a ordinary holomorphi setion sU˜ of EU˜ , for
any uniformizing system (U˜ , G, χ) ∈ U , suh that, for eah embedding
(ϕ, λ) : (U˜ , G, χ)→ (U˜ ′, G′, χ′),
E(ϕ, λ)(sU˜) = sU˜ ′.
Chapter 2
Orbifold ohomology
The notion of orbifold ohomology ring was introdued by Chen and
Ruan for an almost omplex orbifold [16℄. This has been extended by
Fantehi and Göttshe to a nonommutative ring [28℄, in the ase where
the orbifold is a global quotient. Abramovih, Graber and Vistoli gave
the denition of orbifold ohomology ring in the algebrai ase, that is
for a smooth Deligne-Mumford stak [2℄.
This hapter an be divided in two parts. In the rst part, Setions
1,2,3, we review the denition of orbifold ohomology ring for a omplex
orbifold. We follow losely the paper [16℄. In the seond part, Setion 4
we state the ohomologial repant resolution onjeture given by Ruan
[52℄. The aim of this paper is to verify this onjeture for a ertain
lass of orbifolds whih will be dened in the next hapter.
Notation 2.0.9. In this hapter all orbifolds will be omplex orbifolds.
So, morphisms will be holomorphi and orbifold vetor bundles will be
omplex. Furthermore, we assume that [Y ] has omplex dimension
dimC[Y] = d, see Denition 1.1.18.
We will use the same notation 1.1.15, so, for any y ∈ Y , (U˜y, Gy, χy)
will denote a uniformizing system at y.
2.1 Inertia orbifold
Let [Y ] be an orbifold. Let us onsider the set
Y1 = {(y, (g)y) : y ∈ Y, (g)y ⊂ Gy is a onjugay lass},
as usual we will denote by (g)y the onjugay lass of g ∈ Gy. We
want to dene an orbifold [Y1] in suh a way that there is a morphism
[τ ] : [Y1] → [Y ] with ontinuous funtion τ : Y1 → Y is given by:
(y, (g)y) 7→ y. This orbifold will be alled the inertia orbifold.
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We introdue an equivalene relation on the set Y1. Let y ∈ Y
and let (U˜y, Gy, χy) be an uniformizing system at y (1.1.15). For any
y′ ∈ Uy = χy(U˜y), let (U˜y′ , Gy′ , χy′) be a uniformizing system at y′ suh
that Uy′ ⊂ Uy. Then we have an embedding (ϕ, λ) : (U˜y′ , Gy′ , χy′) →
(U˜y, Gy, χy) with λ : Gy′ → Gy injetive, Remark 1.1.9. So, for any
onjugay lass (g′)y′ ⊂ Gy′ , we an assoiate the onjugay lass of
λ(g′) in Gy, i.e. (λ(g
′))y ⊂ Gy. Notie that, the lass (λ(g′))y ⊂ Gy
does not depend on the hosen embedding, Proposition 1.1.7. In this
situation, we say that (y′, (g′)y′) is equivalent to (y, (λ(g
′))y). This
generate an equivalene relation on Y1.
Notation 2.1.1. We will denote by T the set of equivalene lasses
of Y1 just desribed. Elements of T will be denoted by (g). For any
(g) ∈ T , the equivalene lass (g) will be denoted by Y(g). The lass of
(y, (1)y) ∈ Y1 will be denoted by (1), so Y(1) = Y .
Lemma 2.1.2 ( [16℄ Lemma 3.1.1). For any (g) ∈ T , the set Y(g) has
a topology and an orbifold struture [Y(g)] whih is given as follows: for
any point (y, (g)y) ∈ (Y1)(g), an uniformizing system at (y, (g)y) is given
by
(U˜gy , C(g), χy |),
where g is a representative of (g)y, U˜
g
y is the xed-point set of g in U˜ ,
C(g) ⊂ Gy is the entralizer of g in Gy and χy | denotes the restrition
of χy to U˜
g
y .
There is an orbifold morphism
[τ(g)] : [Y(g)]→ [Y ]
whih loally is given by the inlusion U˜gy → U˜y and the group injetion
C(g)→ Gy.
The orbifold struture [Y1] is dened to be the disjoint union of [Y(g)],
as (g) varies in T , so that
[Y1] =
⊔
(g)∈T
[Y(g)].
There is a morphism [τ ] : [Y1] → [Y ] dened by requiring that its re-
strition to [Y(g)] is [τ(g)].
Moreover, if [Y ] is a omplex orbifold, so is [Y1] and [τ ] : [Y1]→ [Y ]
is holomorphi.
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Denition 2.1.3. Let [Y ] be an orbifold. The inertia orbifold of [Y ]
is the orbifold [Y1] desrbed in Lemma 2.1.2.
For any (g) ∈ T , (g) 6= (1), the orbifold [Y(g)] is alled a twisted
setor. On the other hand the orbifold [Y(1)] is the nontwisted setor.
Proposition 2.1.4. Let [Y ] be an orbifold. Then, there is a morphism
[I] : [Y1]→ [Y1]
with ontinuous funtion I : Y1 → Y1 given by (y, (g)y) 7→ (y, (g−1)y).
It is an involution, i.e. [I] ◦ [I] = [id].
Proof. For any y ∈ Y and an uniformizing system at y, (U˜y, Gy, χy),
we get the following uniformizing system for [Y1]:
 ⊔
(g)y⊂Gy
U˜gy , ⊕(g)y⊂GyC(g),
⊔
(g)y⊂Gy
(χy) | U˜gy


with the property that, if g represents (g)y, then g
−1
represents (g−1)y.
Then, the restrition of [I] to this uniformizing system is given by
U˜gy → U˜g
−1
y , x˜ 7→ x˜
C(g) → G(g−1), h 7→ h.
2.2 Orbifold ohomology group
As vetor spae, H∗orb([Y ]) is the ohomology of the inertia orbifold [Y1].
The grading takes the degree shifting of the elements of the loal groups
into aount.
We review now the denition of degree shifting. Let y ∈ Y be any
point and let (U˜y, Gy, χy) be a uniformizing system at y (Denition
1.1.14). The origin 0 of U˜y is xed by the ation of Gy, so we have an
ation of Gy on the tangent spae of U˜y at 0. We represent this ation
by a group homomorphism Ry : Gy → GL(d,C), where d = dimCY.
For every g ∈ Gy, Ry(g) an be written as a diagonal matrix ([55℄,
Chapter 2, Proposition 3):
Ry(g) = diag (exp(2πim1,g/mg), ..., exp(2πimd,g/mg)) ,
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where mg is the order of Ry(g), and 0 ≤ mi,g < mg is an integer. Sine
this matrix depends only on the onjugay lass (g)y of g ∈ Gy, we
dene a funtion ι : Y1 → Q by
ι(y, (g)y) =
d∑
i=1
mi,g
mg
.
Lemma 2.2.1. For any (g) ∈ T (see Notation 2.1.1), the funtion
ι : Y(g) → Q is onstant on eah onneted omponent.
Proof. From the denition of Y(g) (see Notation 2.1.1), it follows that
it is enough to prove the following statement. Let (y, (g)y), (y
′, (g′)y′) ∈
Y(g) suh that there exists an embedding (ϕ, λ) : (U˜y′ , Gy′ , χy′) →
(U˜y, Gy, χy) whih sends the origin 0y′ ∈ U˜y′ to the origin 0y ∈ U˜y,
then ι(y, (g)y) = ι(y
′, (g′)y′).
This follows from the fat that ϕ is λ-equivariant, so the tangent
map Tϕ : T0y′ U˜y′ → T0y U˜y is a morphism of representations.
Denition 2.2.2. For any (g) ∈ T , the degree shifting number of
(g) is the loally onstant funtion
ι(y, (g)y) : Y(g) → Q.
If Y(g) is onneted, we identify ι(y, (g)y) with its value, and we will
denote it also by ι(g).
Remark 2.2.3. In the literature, the degree shifting number is also
alled the age.
Remark 2.2.4. Note that, for any (y, (g)y) ∈ Y(g), exp(2πiι(y, (g)y))
is the eigenvalue of the linear map
detRy(g) : ∧dCd → ∧dCd
Denition 2.2.5. For any integer p, the degree p orbifold ohomol-
ogy group of [Y ], Hporb([Y ]), is dened as follows
Hporb([Y ]) = ⊕(g)∈THp−2ι(g)(Y(g)),
where H∗(Y(g)) is the singular ohomology of Y(g) with omplex oe-
ients. The total orbifold ohomology group of [Y ] is
H∗orb([Y ]) = ⊕pHporb([Y ]).
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Remark 2.2.6. Note that H∗orb([Y ]) is a priori rationally graded. It
is integrally graded if and only if all the degree shifting numbers are
half-integers.
Remark 2.2.7. From Remark 2.2.4 it follows that the degree shiftings
are integers if and only if the indued ation of Gy on ∧dT0y U˜0y is
trivial. This means that the anonial sheaf of the singular variety Y
is loally free whih implies (and indeed is equivalent to say) that Y is
Gorenstein, see Denition 2.4.3.
Remark 2.2.8. The orbifold ohomology groupH∗orb([Y ]) = ⊕pHporb([Y ])
an be split into even and odd parts, [28℄ Denition 1.8. By denition
Hevenorb ([Y ]) = ⊕(g)∈THeven(Y(g)),
and analogously for the odd part. In general this deomposition is not
related with the even/odd deomposition given by the orbifold oho-
mology grading. On the other hand, for Gorenstein orbifolds, the two
gradings oinide.
On the vetor spae H∗orb([Y ]) there is a omplex valued pairing
〈, 〉orb whih we will all the Poinaré duality .
Denition 2.2.9. Let [I] : [Y1] → [Y1] be the holomorphi morphism
dened in Proposition 2.1.4. Then [I] sends [Y(g)] to [Y(g−1)]. The
Poinaré duality pairing is the following pairing
〈, 〉orb : Hporb([Y ])×H2n−porb ([Y ])→ C, for 0 ≤ p ≤ 2n,
dened as the diret sum of
〈, 〉(g)orb : Hp−2ι(g)(Y(g))×H2n−p−2ι(g−1)(Y(g−1))→ C,
where
〈α, β〉(g)orb =
∫ orb
[Y(g)]
α · I∗(β).
We reall here Proposition 3.3.1 of [16℄.
Proposition 2.2.10. The Poinaré duality pairing is nondegenerate.
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2.3 Orbifold up produt
In this setion we review the denition of orbifold up produt. It is
an assoiative produt on the total orbifold ohomology group, the
resulting ring is the orbifold ohomology ring.
For any positive integer k, onsider the following set
Yk = {(y, (g)y) : y ∈ Y, g = (g1, ..., gk), gi ∈ Gy},
where (g)y is the onjugay lass of g. Here, two k-tuples (g
(1)
1 , ..., g
(1)
k )
and (g
(2)
1 , ..., g
(2)
k ) are onjugate if there exists g ∈ Gy suh that g(2)i =
g · g(1)i · g−1 for all i = 1, ..., k.
We an dene an equivalene relation on the set Yk as we did for
Y1, see Notation 2.1.1. The resulting set of equivalene lasses will be
denoted by Tk.
Lemma 2.3.1 ([16℄ Lemma 4.1.1). For any (g) ∈ Tk, let (Yk)(g) be
the orresponding equivalene lass of Yk. Then, there is a topology
and an orbifold struture [(Yk)(g)] over (Yk)(g) suh that, for any point
(y, (g)y) ∈ (Yk)(g), an uniformizing system at (y, (g)y) is given by
(U˜
g
y , C(g), χy |),
where g = (g1, ..., gk) is a representative of (g)y, U˜
g
y = U˜g1y ∩ ... ∩ U˜gky ,
and C(g) = C(g1) ∩ ... ∩ C(gk).
We obtain an orbifold struture [Yk] dened as follows:
[Yk] =
⊔
(g)∈Tk
[Y(g)].
For any i = 1, ..., k, we have morphisms
[ei] : [Yk]→ [Y1]
that loally are given by: the topologial inlusions U˜
g
y → U˜giy and the
group injetions C(g)→ C(gi).
Moreover, if [Y ] is a omplex orbifold, so is [Yk] and eah [ei] :
[Yk]→ [Y1] is holomorphi.
Denition 2.3.2. Let [Y ] be an orbifold. For any positive integer k,
the k-multisetor of [Y ] is the orbifold [Yk] onstruted in Lemma
2.3.1.
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Consider the map o : Tk → T indued by (g1, ..., gk) 7→ g1 · ... · gk.
The set T ok = o
−1(1) is the subset of Tk onsisting of equivalene lasses
(g) suh that g = (g1, ..., gk) satises the ondition g1 · ... · gk = 1.
Notation 2.3.3. We will denote by Y ok the set
Y ok =
⊔
(g)∈T okY(g)
,
and similarly, by [Y ok ] the orbifold
[Y ok ] =
⊔
(g)∈T ok
[Y(g)].
The denition of the orbifold up produt requires the onstrution
of an obstrution bundle [E(g)] over eah omponent [Y(g)] of [Y
o
3 ]. We
now review the denition of [E(g)].
Let Y(g) be a omponent of Y
o
3 , (y, (g)y) ∈ Y(g) be a point and
(U˜
g
y , C(g), χy |) be a uniformizing system of [Y(g)] at (y, (g)y).
If g = (g1, g2, g3) is a representative of (g)y, then g1 · g2 · g3 = 1. So
we have a morphism
π1(S
2 − {0, 1,∞}) → Gy
γi 7→ gi.
Here, S2 is the unit sphere in R3, so π1(S
2 − {0, 1,∞}) is the free
group generated by three elements γ1, γ2, γ3 with the unique relation
γ1 · γ2 · γ3 = 1. Geometrially, we an represent γ1, γ2 and γ3 as loops
around 0, 1 and ∞ respetively.
There is a ompat Riemann surfae Σ and a projetion π˜ : Σ→ S2
whih is a Galois overing, with Galois group the subgroup G of Gy
generated by g1, g2, g3, branhed over 0, 1,∞, see [28℄ Appendix. In
partiular, the group G ats on the vetor spae H1(Σ,OΣ).
Then we dene a vetor bundle over U˜
g
y as follows:
(E(g))U˜gy :=
(
H1(Σ,OΣ)⊗ (TU˜y) | U˜
g
y
)G
, (2.1)
where ()G means the G-invariant part. Note that H1(Σ,OΣ)⊗ (TU˜y) |
U˜
g
y is a G-bundle, so (E(g))U˜gy is a vetor bundle. See [28℄, page 201, for
further details.
Let (ψ, µ) : (U˜
g′
y′ , C(g
′), χy′ |) → (U˜gy , C(g), χy |) be an embedding
ompatible with [Y(g)]. Then we an suppose that it is indued by an
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embedding (ϕ, λ) : (U˜y′ , Gy′ , χy′) → (U˜y, Gy, χy) ompatible with [Y ].
Then, if G′ denotes the subgroup of Gy′ generated by g
′
, λ indues an
isomorphism G′ → G, where G is the subgroup of Gy generated by
g. This indues an isomorphism Σ′ → Σ whih is ompatible with the
group ations, where Σ′ → S2 is the Galois overing assoiated to g′.
So, we obtain an isomorphism
(E(g′))
U˜
g′
y′
→ ψ∗(E(g))U˜gy . (2.2)
We have the following result.
Proposition 2.3.4 ([16℄ ). The vetor bundles given by (2.1), for any
uniformizing system, and the isomorphisms (2.2) assoiated to any em-
bedding of loal uniformizing systems ompatible with [Y(g)], satises the
onditions of Denition 1.4.1. So these data denes an orbifold vetor
bundle on [Y o3 ].
Denition 2.3.5. The obstrution bundle for the orbifold ohomol-
ogy of [Y ] is the orbifold vetor bundle dened in Proposition 2.3.4.
Notation 2.3.6. We will denote the obstrution bundle for the orbifold
ohomology of [Y ] by [E]. The restrition of [E] to the omponent [Y(g)],
for any (g) ∈ T o3 , will be denoted by [E(g)].
Denition 2.3.7. Let [Y ] be a omplex orbifold suh that Y is ompat.
For α, β, γ ∈ H∗orb([Y ]), the 3-point funtion is dened as follows
〈α, β, γ〉orb =
∑
(g)∈T o3
∫ orb
[Y(g)]
[e1]
∗α ∧ [e2]∗β ∧ [e3]∗γ ∧ ctop([E(g)]),
where [ei] : [Y(g)] → [Y1], for i = 1, 2, 3, is the morphism dened in
Lemma 2.3.1.
The orbifold up produt of [Y ] is the produt on H∗orb([Y ])
∪orb : H∗orb([Y ])×H∗orb([Y ]) → H∗orb([Y ])
(α, β) 7→ α ∪orb β
where α ∪orb β is dened by the following relation
〈α ∪orb β, γ〉orb = 〈α, β, γ〉orb for any γ ∈ H∗orb([Y ]).
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Remark 2.3.8. The orbifold up produt an be dened also for an
almost omplex orbifold that is not ompat. We will not reall the
denition in this general ase, it an be found in [16℄, Denition 4.1.2.
We will report in the following Theorem the most important prop-
erties of the orbifold up produt. This is the main result of the paper
[16℄, see Theorem 4.1.5. Even if the Theorem holds for almost omplex
orbifolds whih are not neessarily ompat, we will present the result
under stronger assumptions.
Theorem 2.3.9. Let [Y ] be a omplex orbifold suh that the underlying
topologial spae Y is ompat. Assume that [Y ] has omplex dimension
dimC[Y] = d. The orbifold up produt preserves the orbifold grading,
i.e.
∪orb : Hporb([Y ])×Hqorb([Y ])→ Hp+qorb ([Y ]),
for any 0 ≤ p, q ≤ 2d suh that p + q ≤ 2d, and has the following
properties.
Assoiativity. The orbifold up produt is assoiative and has a unity
e[Y ]. Moreover, e[Y ] ∈ H0orb([Y ]) = H0(Y ) and it oinides with
the unity of the usual up produt of Y .
Poinaré duality. For any (α, β) ∈ Hporb([Y ]) × H2d−porb ([Y ]), with 0 ≤
p ≤ 2d, we have
∫ orb
[Y ]
α ∪orb β = 〈α, β〉orb.
Deformation invariane. The orbifold up produt ∪orb is invariant un-
der deformations of the omplex struture of [Y ].
Superommutativity. If [Y ] is Gorenstein, the total orbifold ohomology
is integrally graded, and we have superommutativity
α ∪orb β = (−1)deg α·deg ββ ∪orb α.
Compatibility with the usual up produt. The restrition of ∪orb to
the ohomology of the nontwisted setor, i.e. H∗(Y ), is equal
to the usual up produt of Y .
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2.4 Ruan's onjeture
In this setion we reall the statement of the ohomologial repant res-
olution onjeture, given by Ruan in [52℄. The onjeture gives a preise
relation between the orbifold ohomology ring of a omplex orbifold [Y ]
and the ohomology ring of a repant resolution of singularities of Y ,
when suh a resolution exists.
Notation 2.4.1. In this setion Y will be a omplex algebrai variety.
For an orbifold [Y ], we mean a omplex orbifold struture over the
topologial spae Y , where Y has the strong (or omplex) topology, see
[45℄ Chapter I, Setion 10.
2.4.1 Crepant resolutions
We rst reall the denition of Gorenstein variety, Gorenstein orbifold,
and repant resolution. For more details see [49℄ and [50℄.
Notation 2.4.2. For any normal variety Y , we will denote by Y0 the
smooth lous of Y and by l : Y0 → Y the inlusion. Then KY will
denote the sheaf l∗KY0, where KY0 is the anonial sheaf of Y0.
Denition 2.4.3. Y is Gorenstein if it is Cohen-Maaulay and KY
is loally free.
A Gorenstein orbifold is a omplex orbifold struture [Y ] over a
Gorenstein variety Y .
Denition 2.4.4. Let Y be a Gorenstein variety. A resolution of sin-
gularities ρ : Z → Y is repant if ρ∗(KY ) ∼= KZ .
Remark 2.4.5. Crepant resolutions of Gorenstein varieties with quo-
tient singularities are known to exists in dimension d = 2, 3.
In dimension d = 2 the following stronger result holds, ([5℄, Chapter
III, Theorem 6.2).
Theorem 2.4.6. Every normal surfae Y admits a unique repant res-
olution of singularities.
In dimension d = 3 the existene of a repant resolution is proven
in [51℄, Main Theorem, pag. 493. However, in this ase, the uniqueness
result does not hold.
In dimension d ≥ 4 repant resolution exists only in rather speial
ases.
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Example 2.4.7. (Hilbert sheme of points on surfaes). An important
lass of examples for whih a repant resolution always exists, is the
symmetri produt of a ompat omplex surfae S.
Let S be a ompat omplex surfae. The r-th symmetri produt
of S is the quotient of S × ... × S, r-times, by the symmetri group
Sr ating by permutation. We will denote this quotient by S
(r)
. Note
that S(r) is a variety of dimension 2r with quotient singularities. Now,
let S [r] be the Hilbert sheme parametrizing r-points in S. Then, there
is a morphism ρ : S [r] → S(r) whih is a repant resolution. See [7℄,
Setion 6, for a review.
Example 2.4.8. (Sympleti quotient singularities). Let V be a -
nite dimensional omplex vetor spae equipped with a non degenerate
sympleti form. Let G ⊂ Sp(V ) be a nite subgroup of the group
Sp(V ) of sympleti automorphisms. The quotient V/G has a natu-
ral struture of irreduible ane algebrai variety with oordinate ring
C[V/G] = C[V ]G, the subalgebra of G-invariants polynomials on V .
Moreover the variety V/G is Gorenstein ([8℄, Proposition 2.4).
There are strong neessary onditions on G in order for V/G to have
a repant resolution ([58℄, Theorem 1.2). Moreover there are examples
of G that do not math these onditions, [32℄ Theorem 1.1.
2.4.2 Quantum orretions
We review the denition of quantum orreted ohomology ring given
by Ruan in [52℄.
Notation 2.4.9. In this setion Y will be a Gorenstein projetive al-
gebrai variety. So, for any repant resolution ρ : Z → Y , Z will be a
nonsingular projetive algebrai variety.
Let [Y ] be a Gorenstein orbifold and let ρ : Z → Y be a repant
resolution. Consider the group homomorphism
ρ∗ : H2(Z,Q)→ H2(Y,Q) (2.3)
indued by ρ. Choose a basis β1, ..., βn of Ker ρ∗ ⊂ H2(Z,Q) whih
onsists of homology lasses of rational urves. We will all β1, ..., βn an
integral basis of Ker ρ∗. Then, the homology lass of any eetive urve
that is ontrated by ρ an be written in a unique way as Γ =
∑n
l=1 alβl,
for al ≥ 0.
For eah βl, we assign a formal variable ql. Then Γ orresponds to
qa11 · · · qann . Dene the quantum orreted 3-point funtion as
〈γ1, γ2, γ3〉qc(q1, ..., qn) :=
∑
a1,...,an≥0
ΨZΓ (γ1, γ2, γ3)q
a1
1 · · · qann , (2.4)
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where γ1, γ2, γ3 ∈ H∗(Z) are ohomology lasses, Γ =
∑n
l=1 alβl, and
ΨZΓ (γ1, γ2, γ3) is the genus zero Gromov-Witten invariant, see (5.1) for
the denition.
Notation 2.4.10. We assume that the quantum orreted 3-point
funtion is represented by an analyti funtion in the variables q1, ..., qn
in some region of the omplex spae Cn. We will denote this funtion
by 〈γ1, γ2, γ3〉qc(q1, ..., qn). In the following, when we valuate this fun-
tion on partiular values of the qi's, we will impliitly understand that
the analyti funtion is dened on suh values.
We now dene a family of rings H∗ρ(Z)(q1, ..., qn) depending on the
parameters q1, ..., qn, where q1, ..., qn belong to the domain of denition
of the quantum orreted 3-point funtion.
Denition 2.4.11. The quantum orreted triple intersetion 〈γ1, γ2, γ3〉qc(q1, ..., qn)
is dened as follows
〈γ1, γ2, γ3〉ρ(q1, ..., qn) = 〈γ1, γ2, γ3〉+ 〈γ1, γ2, γ3〉qc(q1, ..., qn),
where 〈γ1, γ2, γ3〉 :=
∫
Z
γ1∪γ2∪γ3. The quantum orreted up produt
γ1 ∗ρ γ2 is dened by the equation
〈γ1 ∗ρ γ2, γ〉 = 〈γ1, γ2, γ〉ρ(q1, ..., qn)
for arbitrary γ ∈ H∗(Z), where 〈γ1, γ2〉 :=
∫
Z
γ1 ∪ γ2.
Remark 2.4.12. Note that the quantum orreted up produt is a
family of produts on H∗(Z) depending on the parameters q1, ..., qn.
These parameters belong to the domain of denition of the quantum
orreted 3-point funtion 〈γ1, γ2, γ3〉qc(q1, ..., qn).
Remark 2.4.13. Our denition of quantum orreted triple interse-
tion and of quantum orreted up produt is slightly more general
than that given by Ruan in [52℄. We an reover the denition given
by Ruan by giving to the parameters the value q1 = ... = qn = −1, pro-
vided that this point belongs to the domain of the quantum orreted
3-point funtion.
Theorem 2.4.14. For any (q1, ..., qn) belonging to the domain of the
quantum orreted 3-point funtion, the quantum orreted up produt
∗ρ satises the following properties.
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Assoiativity. It is an assoiative produt on H∗(Z), moreover it has an
identity whih oinides with the identity of the usual up produt
of Z.
Superommutativity. It is superommutative, that is
γ1 ∗ρ γ2 = (−1)deg γ1·deg γ2γ2 ∗ρ γ1
for any γ1, γ2 ∈ H∗(Z).
Homogeneity. For any γ1, γ2 ∈ H∗(Z), the following equality holds
deg (γ1 ∗ρ γ2) = deg γ1 + deg γ2.
For any (q1, ..., qn) as before, the resulting ring struture on H
∗(Z) given
by ∗ρ, will be denoted by H∗ρ(Z)(q1, ..., qn).
Proof. Notie that the denition of the quantum orreted up prod-
ut, ∗ρ, is analogous to the denition of the small quantum produt for
a smooth projetive algebrai variety Z, as given for example in [19℄,
Denition 8.1.1. (see also [19℄, Proposition 8.1.6.). The only dierene
is in the set to whih the eetive urves belong. Indeed, for the small
quantum produt, the quantum orreted 3-point funtion is dened as
a sum over all the eetive urves in Z. In our denition, we take into
aount only eetive urves that are ontrated by ρ.
Let B ⊂ H2(Z,Z)/tor be the set of homology lasses β of eetive
urves in Z suh that ρ∗(β) = 0, where ρ∗ is dened in (2.3). Then,
from Lemma 2.4.15 below it follows that the proof of assoiativity and
superommutativity is the same proof of Theorem 8.1.4. in [19℄ with
H2(Z,Z) replaed by B.
To prove the homogeneity property, notie that, for any β ∈ B, the
following equality holds ∫
β
c1(KZ) = 0.
Then, apply Proposition 8.1.5., [19℄.
Lemma 2.4.15. Let B ⊂ H2(Z,Z)/tor be the set of homology lasses
β of eetive urves in Z suh that ρ∗(β) = 0, where ρ∗ is dened in
(2.3). Then B satises the following properties:
• B is a semigroup under addition and ontains the zero of H2(Z,Z)/tor;
• for any β ∈ B, if β = α1 + α2 with α1, α2 ∈ H2(Z,Z)/tor, then
α1, α2 ∈ B.
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Proof. The rst ondition is lear. So, we prove the seond.
Let β = α1 + α2 ∈ B, with α1, α2 ∈ H2(Z,Z)/tor. Then
0 = ρ∗(β) = ρ∗(α1) + ρ∗(α2).
But, ρ∗(α1) and ρ∗(α2) are homology lasses of eetive urves in Y ,
and sine Y is assumed to be projetive (Notation 2.4.9), ρ∗(α1) =
ρ∗(α2) = 0.
To see this, take any very ample line bundle L on Y . Then
∫
ρ∗(αi)
c1(L) ≥
0 for any i = 1, 2. Sine
∫
ρ∗(β)
c1(L) = 0, it follows that
∫
ρ∗(α1)
c1(L) =∫
ρ∗(α2)
c1(L) = 0. This implies that ρ∗(α1) = ρ∗(α2) = 0.
2.4.3 The onjeture
We review the statement of the ohomologial repant resolution on-
jeture.
We use the same notations of the previous setion.
The quantum orreted ohomology ring of Z is the ring obtained
fromH∗(Z)(q1, ..., qn) by giving to the variables q1, ..., qn the same value
−1. It will be denoted by H∗ρ(Z), so
H∗ρ(Z) = H
∗(Z)(−1, ...,−1).
Conjeture 2.4.16 (Ruan, [52℄). The rings H∗ρ(Z) and H
∗
orb([Y ]) are
isomorphi.
Remark 2.4.17. The onjeture has been proved in the following ases:
1. for Y = S(2), be the symmetri produt of a ompat omplex
surfae S, and Z = S [2] be the Hilbert sheme of two points in S,
in [38℄;
2. for Y = S(r), be the symmetri produt of a omplex projetive
surfae S with trivial anonial bundle KS ∼= OS, and Z = S [r]
be the Hilbert sheme of r points in S, in [28℄, Theorem 3.10;
3. for Y = V/G be the quotient of a sympleti vetor spae of nite
dimension by a nite group of sympleti automorphisms, and Z
is a repant resolution, when it does exists, in [32℄, Theorem 1.2.
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Note that in ases 2 and 3, the repant resolution Z has a holomorphi
sympleti form, so the Gromov-Witten invariants vanish and there are
no quantum orretions. This means that the orbifold ohomology ring
is isomorphi to the ordinary ohomology ring of Z.
Remark 2.4.18. The aim of this thesis is to verify this onjeture for
orbifolds with transversal ADE-singularities, see Denition 3.2.5. We
will prove the onjeture in the ase of transversal A1-singularities in
Chapter 6.1 and for transversal A2-singularities with minor modia-
tions. Indeed, in this ase, the quantum orreted 3-point funtion an
not be evaluated in q1 = q2 = −1. However, we will show that by giv-
ing to q1 and q2 other values (whih we have found), the resulting ring
H∗ρ(Z)(q1, q2) is isomorphi to the orbifold ohomology ring H
∗
orb([Y ]).
This is the ontent of Theorem 6.2.4.
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Chapter 3
Orbifolds with transversal
ADE-singularities
In this Chapter we dene orbifolds with transversal ADE-singularities.
We desribe the inertia orbifold in terms of the monodromy , whih we
introdue in Setion 4. Finally, we ompute the orbifold ohomology
ring of orbifolds with transversal A-singularities and trivial monodromy.
Orbifolds with transversal ADE-singularities are generalizations of
orbifolds assoiated to quotient surfae singularities whih are Goren-
stein, also alled rational double points. So, in the rst setion we reall
the denition of suh surfae singularities and ollet some properties.
3.1 Rational double points
Let G ⊂ SL(2,C) be a nite subgroup, G 6= {1}. The inlusion G ⊂
SL(2,C) indues an ation of G on C2. This ation has 0 ∈ C2 as
the only xed point, and is free on C2\{0}. The quotient C2/G has a
struture of algebrai variety whose ring of regular funtions is C[u, v]G,
the subring of the polynomial ring C[u, v] onsisting of funtions whih
are invariants under the ation of G. Moreover, suh quotient an
be represented as an hypersurfae R in C3 passing through the origin
0 ∈ C3 and with 0 ∈ C3 as the only singular point ([26℄, Chapter 5,
Setion 40).
Denition 3.1.1. A rational double point is the germ of a surfae
singularity R ⊂ C3 whih an be obtained as a quotient C2/G of C2 by
a nite subgroup G of SL(2,C).
Remark 3.1.2. Rational double points are Gorenstein, see Example
2.4.8.
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The nite subgroups of SL(2,C) an be lassied in the following
way. There is a group homomorphism SL(2,C)→ PGL(2,C) whih is
onto and two-to-one. Then, the nite subgroups of SL(2,C) are inverse
images of nite subgroups of PGL(2,C).
By identifying the sphere S2 with the omplex projetive line P1, we
an see that the symmetry groups of the ve regular polyhedra are nite
subgroups of PGL(2,C). These groups are alled the polyhedral groups.
Now, sine the ube and the dodeahedron are duals respetively to
the otahedron and iosahedron, their symmety groups are isomorphi
([26℄, Chapter 2, Setion 8). So, the symmety groups of the regular
polyhedra provides three nite subgroups of PGL(2,C).
The lassiation of nite subgroups of PGL(2,C) is given by the
following theorem. The proof and other details an be found in [26℄,
Chapter 2, Setion 10.
Theorem 3.1.3. Any nite subgroup of PGL(2,C) is onjugate to one
of the following subgroups: the symmetry group of the tetrahedron, E6,
of order 12; the symmetry group of the otahedron, E7, of order 24; the
symmetry group of the iosahedron, E8, of order 60; the dihedral group,
Dn for n ≥ 4, of order 4(n− 2); the yli group, An, of order n+ 1.
To this lassiation of the nite subgroups of SL(2,C), orresponds
a lassiation of rational double points. We report now the lassia-
tion of rational double points as hypersurfaes in C3 with oordinate
(x, y, z). In the left olumn we report the group, while in the right the
equation of the orresponding singularity.
An : xy − zn+1 for n ≥ 1
Dn : x
2 + y2z + zn−1 for n ≥ 4
E6 : x
2 + y3 + z4
E7 : x
2 + y3 + yz3
E8 : x
2 + y3 + z5 .
(3.1)
This is proved in [26℄, Chapter 5, Setion 39.
Remark 3.1.4. It an be proved that rational double points are the
only rational surfae singularities. For more details on this and on other
haraterizations of rational double points, see [25℄.
Remark 3.1.5. (Resolution graph). As pointed out in Remark 2.4.5,
for any rational double point R, there exists a unique repant resolution
ρ : R˜→ R ([5℄, Chapter III, Theorem 6.2). The exeptional lous of ρ
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is the union of rational urves C1, ..., Cn with selntersetion numbers
equal to −2. Moreover, it is possible to assoiate a graph to the ol-
letion of these urves in the following way: there is a vertex for any
irreduible omponent of the exeptional lous; two verties are joined
by an edge if and only if the orresponding omponents have non zero
intersetion. The list of the graphs obtained by resolving rational dou-
ble points is given in [25℄, Table 1, and in [5℄, Chapter III, Proposition
3.6. Eah of this graph is alled resolution graph of the orresponding
rational double point.
Remark 3.1.6. (MKay orrespondene). MKay observed that the
resolution graph of a rational double point an be reovered from the
representation theory of the orresponding subgroupG ⊂ SL(2,C) [41℄,
see also [20℄.
Let G ⊂ SL(2,C) be a nite subgroup and Q = C2 be the repre-
sentation indued by the inlusion G ⊂ SL(2,C). Let ρ0, ..., ρm be the
irreduible representations of G, with ρ0 being the trivial one. Then,
for any j = 1, ..., m we an deompose Q⊗ ρj as follows
Q⊗ ρj = ⊕mi=0aijρi, aij = dimCHomG(ρi,Q⊗ ρj).
The MKay graph of G ⊂ SL(2,C) is the graph with one vertex for any
irreduible representation, two verties are joined by aij arrows. This
graph is denoted by Γ˜G.
The following theorem holds, [41℄, see also [20℄ Theorem 1.19.
Theorem 3.1.7. The MKay graph Γ˜G is an extended Dynkin graph
of A˜D˜E˜ type. Moreover the subgraph ΓG onsisting of nontrivial repre-
sentations is the resolution graph of the orresponding rational double
point.
3.2 Denition
Convention 3.2.1. All the varieties are dened over the eld C of
omplex numbers. By an open subset of a variety we mean open in the
strong topology, (see [45℄, Chapter I, Setion 10 for the denition). We
will speify when we use a Zariski-open subset.
Notation 3.2.2. From now on, R will denote a surfae in C3 dened
by one of the equations (3.1), i.e. a surfae with a rational double point
at the origin 0 ∈ C3. The repant resolution of R will be denoted by
R˜.
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Let Y be a projetive variety over C. We say that Y has transversal
ADE-singularities if the singular lous S of Y is onneted, smooth,
and the ouple (S, Y ) is loally isomorphi to (Ck × {0},Ck × R).
Remark 3.2.3. Let Y be a 3-fold with anonial singularities. Then,
with the exeption of at most a nite number of points, every point in
Y has an open neighbourhood whih is nonsingular or isomorphi to
C× R, [49℄, Corollary 1.14.
The following Proposition is a partiular ase of the fat that ev-
ery omplex variety with quotient singularities has a unique redued
orbifold struture, [56℄, Theorem 1.3.
Proposition 3.2.4. Let Y be a variety with transversal ADE-singularities.
Then there is a unique redued omplex holomorphi orbifold struture
[Y ] on Y .
Proof. The surfae R is isomorphi to the quotient of C2 by the ation
of a nite subgroup G of SL(2,C).
For eah point y ∈ Y , if y ∈ Y −S, we an take Uy = U˜y = Ck+2 and
Gy = {1}, otherwise y has a uniformized neighbourhood Uy ∼= Ck × R
with uniformizing system (U˜y ∼= Ck × C2, Gy ∼= G, χy), where Gy ats
trivially on the rst fator of Ck × C2, while the ation on the seond
fator is indued by the inlusion Gy ⊂ SL(2,C). Then one an see
that these harts path together to give an orbifold struture [Y ] over
Y .
The uniqueness of the orbifold struture follows from [56℄, Theorem
1.3.
Denition 3.2.5. An orbifold with transversal ADE-singularities
is the redued orbifold [Y ] assoiated to a variety Y with transversal
ADE-singularities.
Remark 3.2.6. An orbifold with transversal ADE-singularities is Goren-
stein. This follows from the fat that rational double points are Goren-
stein.
3.3 Inertia orbifold and monodromy
We desribe the inertia orbifold for orbifolds with transversal ADE-
singularities. We will use the same notation introdued in Setion 1 of
Chapter 2, in partiular Notation 2.1.1.
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Notation 3.3.1. By a topologial overing we mean a overing spae
as dened in [40℄, Chapter 5, Setion 2, with the dierene that we
don't require the onnetedness.
Let p : X˜ → X be a topologial overing. For any point x ∈ X , the
fundamental group π1(X, x) ofX in x ats on the ber p
−1(x) as dened
in [40℄ Chapter 5 Setion 7. We will all this ation the monodromy of
the overing.
Lemma 3.3.2. Let [Y ] be an orbifold with transversal ADE-singularities,
and let
Y˜1 :=
⊔
(g)∈T,(g)6=(1)
Y(g).
Then, the restrition of τ : Y1 → Y to Y˜1 is a topologial overing
τ˜ : Y˜1 → S
and the onneted omponents of Y˜1 are the topologial spaes Y(g) of
the twisted setors [Y(g)].
Proof. Consider the following open over of S, {Uy ∩ S : y ∈ S}.
Then
τ˜−1(Uy ∩ S) =
⊔
(g)y⊂Gy ,(g)y 6=(1)y
U˜gy ,
moreover, the restrition of τ˜ to U˜gy is an homeomorphism for every
(g)y ⊂ Gy suh that (g)y 6= (1)y.
We desribe now the monodromy of τ˜ : Y˜1 → S expliitly.
Notation 3.3.3. For any y ∈ S, the ber τ−1(y) is the set of onjugay
lasses of Gy. We will denote it by Ty.
Let y ∈ S be a xed point of S, (U˜y, Gy, χy) be a uniformizing
system at y and Uy = χy(U˜y).
For any y′ ∈ Uy ∩ S suh that Uy′ ⊂ Uy there is an embedding
(ϕ, λ) : (U˜y′ , Gy′, χy′) → (U˜y, Gy, χy), moreover λ : Gy′ → Gy is an
isomorphism. So, using λ, we get a bijetive orrespondene Ty′ → Ty
given by (g)′y 7→ (λ(g))y, where (g)′y ∈ Ty′ and g is a representative
of (g)′y. If (ψ, µ) : (U˜y′ , Gy′, χy′) → (U˜y, Gy, χy) is another embedding,
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then µ = g · λ · g−1 for some g ∈ Gy (Proposition 1.1.7), so the orre-
spondene Ty′ → Ty does not depends on the hosen embedding.
Let [α] ∈ π1(S, y) be a lass of a loop α based on y. Choose a nite
number of points y = y0, y1, ..., yk, yk+1 = y in α suh that the sets Uyi
form a over of α. The previous argument gives bijetive maps Tyi+1 →
Tyi for any i ∈ {0, ..., k}. The omposition of these maps is a bijetion
Ty → Ty, i.e. an element of the group Aut(Ty) of automorphisms of
Ty. The bijetion assoiated to α depends only on the homotopy lass
of α and the resulting map
π1(S, y)→ Aut(Ty) (3.2)
is a group homomorphism.
Let y1 ∈ S be another point and γ a urve from y1 to y. Let
πγ : π1(S, y)→ π1(S, y1)
be the homomorphism: [α] 7→ [γ−1·α·γ]. In the same way we dened the
homomorphism (3.2), we an dene a orrespondene: Tγ : Ty → Ty1 .
We have a group homomorphism
Aγ : Aut(Ty)→ Aut(Ty1)
dened as follows: a 7→ Tγ ◦ a ◦T−1γ . It is easy to see that the following
diagram is ommutative,
π1(S, y)
my−−−→ Aut(Ty)
πγ
y yAγ
π1(S, y1)
my1−−−→ Aut(Ty1).
(3.3)
Denition 3.3.4. Let [Y ] be an orbifold with transversal ADE-singularities,
and let y ∈ S. The monodromy of [Y ] in y is the group homomor-
phism (3.2) and we will denote it as follows:
my : π1(S, y)→ Aut(Ty).
Lemma 3.3.5. For any y ∈ S, the following map is a bijetion
Ty/π1(S, y) → T[
(g)y
]
7→
[
(y, (g)y)
]
,
where Ty/π1(S, y) is the quotient set of Ty by the ation of π1(S, y) given
by the monodromy, T is the set dened in Notation 2.1.1.
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Proof. This follows from the fat that, for any path onneted topo-
logial overing p : X˜ → X and any x ∈ X , the ation of π1(X, x) on
the ber p−1(x) is transitive. Notie that the restrition of τ˜ to Y(g) is
a path onneted topologial overing of S for all (g) ∈ T .
By denition the monodromy of [Y ] in y is a representation of
π1(S, y) on the set Ty of onjugay lasses of Gy. Identifying every
onjugay lass with its harateristi funtion we get a representation
of π1(S, y) on the vetor spae of lass funtions on Gy, where as usual
a lass funtion is a omplex valued funtion on G that is onstant on
eah onjugay lass. Aording to the following Proposition, the set of
lass funtions on Gy whih are haraters of irreduible representations
of Gy is invariant under the ation of π1(S, y).
Proposition 3.3.6. The set of haraters of irreduible representations
of Gy is invariant under the ation of the monodromy my on the vetor
spae of lass funtions on Gy.
Under the identiation of any irreduible representation with its
harater we have that the image of my is a subgroup of the group of
automorphisms of the graph ΓGy .
Proof. Let y ∈ S, (U˜y, Gy, χy) be a uniformizing system at y and
Uy = χy(U˜y). For any y
′ ∈ Uy ∩ S suh that Uy′ ⊂ Uy ∩ S there is an
embedding (ϕ, λ) : (U˜y′ , Gy′ , χy′) → (U˜y, Gy, χy). Moreover λ : Gy′ →
Gy is an isomorphism. We obtain a map whih sends a representation
of Gy to a representation of Gy′ as follows. Let r : Gy → GL(V ) be
a linear representation of Gy, then r ◦ λ : Gy′ → GL(V ) is a linear
representation of Gy′ .
This map has the following properties: 1. is bijetive; 2. the har-
ater of r ◦ λ is the omposition of the harater of r with λ; 3. sends
isomorphi representations of Gy in isomorphi representations of Gy′ ;
4. sends irreduible representations of Gy in irreduible representations
of Gy′; 5. is ompatible with the tensor produt of two representations,
that is (r1⊗r2)◦λ = r1 ◦λ⊗r2 ◦λ; 6. sends the representation of Gy on
N
U˜
Gy
y /U˜y,0
in the representation of Gy′ in N
U˜
G
y′
y′
/U˜y′ ,0
. Where N
U˜
Gy
y /U˜y ,0
(resp. N
U˜
G
y′
y′
/U˜y′ ,0
) is the ber at the origin 0 ∈ U˜y (resp. 0 ∈ U˜y′) of
the normal vetor bundle of U˜
Gy
y in U˜y (resp. of U˜
Gy′
y′ in U˜y′). The last
assertion is proved as follows. The tangent map
T0ϕ : TU˜y′ ,0 → TU˜y,0
indues a linear map
N
U˜
G
y′
y′
/U˜y′ ,0
→ N
U˜
Gy
y /U˜y,0
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suh that the following diagram ommutes for any g′ ∈ Gy′
N
U˜
G
y′
y′
/U˜y′ ,0
g′−−−→ N
U˜
G
y′
y′
/U˜y′ ,0y y
N
U˜
Gy
y /U˜y,0
λ(g′)−−−→ N
U˜
Gy
y /U˜y,0
.
(3.4)
If (ψ, µ) : (U˜y′ , Gy′ , χy′) → (U˜y, Gy, χy) is another embedding, then
µ = g · λ · g−1, for some g ∈ Gy, Proposition 1.1.7. So, for any repre-
sentation of Gy, the representations of Gy′ obtained using λ and µ are
isomorphi.
The previous arguments shows that we have a map from the set of
isomorphism lasses of representations of Gy to the set of isomorphism
lasses of representations of Gy′ that satises properties 1., 2., 4., 5., 6.
as before. We will denote with ny the lass of NU˜Gyy /U˜y ,0
and by ny′ the
lass of N
U˜
G
y′
y′
/U˜y′ ,0
.
The rst assertion follows from property 2. To show the seond
laim, let r1, ..., rm be the lasses of irreduible representations of Gy,
and let r1
′, ..., rm
′
the lasses of irreduible representations of Gy′ . Sup-
pose that the orrespondene sends ri to ri
′
. Let ny⊗ ri =
∑
j ajirj, and
ny′ ⊗ ri′ =
∑
j a
′
jirj
′
. Then
λ ◦ (ny ⊗ ri) =
∑
j
ajiλ ◦ rj
=
∑
j
ajirj
′,
on the other hand,
λ ◦ (ny ⊗ ri) = (λ ◦ ny)⊗ (λ ◦ ri) = ny′ ⊗ ri′.
So, aji = a
′
ji for all i, j.
Remark 3.3.7. For G = An, n ≥ 1, Dn n ≥ 4, E6, E7, E8 (see Theo-
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rem 3.1.3), the automorphism group of ΓG is given as follows:
G Aut(ΓG)
A1 {1}
An n ≥ 2 Z2
D4 S3
Dn n ≥ 5 Z2
E6 Z2
E7 {1}
E8 {1}
where we have written on the left side the group G, and on the right
Aut(ΓG).
The previous onsiderations give onstraints on the topology of the
spaes Y(g) for (g) ∈ T . The following Corollary is an easy onsequene
of Proposition 3.3.6 and Remark 3.3.7.
Corollary 3.3.8. Let [Y ] be an orbifold with transversal singularities
of type A1, E7 or E8, then, for any (g) 6= (1), the topologial spae Y(g)
is isomorphi to S.
Let [Y ] be an orbifold with transversal singularities of type An, for
n ≥ 2, or Dn, for n ≥ 5, then, for any (g) 6= (1), the topologial
spae Y(g) is isomorphi to S if the monodromy is trivial, it is a double
overing of S if the monodromy is not trivial.
Remark 3.3.9. Notie that, the twisted setors [Y(g)] of [Y ] depends
only on a neighbourhood of S in Y . Indeed, let U ⊂ Y be an open neigh-
bourhood of S in Y , U is a variety with transversal ADE-singularities.
Then, the twisted setors [U(g)] of [U ] are anonially isomorphi to
[Y(g)]. So,
[Y1] ∼= [Y ]
⊔
(g)∈T,(g)6=(1)
[U(g)].
We desribe now the inertia orbifold for an orbifold with transversal
An-singularities. We rst study the ase in whih the monodromy is
trivial.
Remark 3.3.10. Let [Y ] be an orbifold with transversal An-singularities
and trivial monodromy. Then we an identify all the loal groups Gy,
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for y ∈ S, with the group of (n+ 1)-th roots of unity µn+1 in a anon-
ial way. Indeed, for any y ∈ S, onsider the representation of Gy on
the normal spae N
U˜
Gy
y /U˜y,0y
of U˜
Gy
y in U˜y over the point 0y ∈ U˜y. It
deomposes as diret sum of two representations
N
U˜
Gy
y /U˜y ,0y
∼=
(
N
U˜
Gy
y /U˜y,0y
)gy ⊕ (N
U˜
Gy
y /U˜y,0y
)g−1y
,
where
(
N
U˜
Gy
y /U˜y ,0y
)gy
(resp.
(
N
U˜
Gy
y /U˜y,0y
)g−1y
) is given by the harater
gy (resp. g
−1
y ). Notie that
gy, g
−1
y : Gy → µn+1
are group isomorphisms, so we an identify Gy with µn+1 using gy or
g−1y . Sine the monodromy is trivial, we an hoose isomorphisms
gy : Gy → µn+1
suh that the following diagram ommutes for any y′ ∈ S with Uy′ ⊂ Uy
and any embedding (φ, λ) : (U˜y′ , Gy′ , χy′)→ (U˜y, Gy, χy),
Gy′
λ−−−→ Gy
gy′
y ygy
µn+1 −−−→
=
µn+1.
Proposition 3.3.11. Let [Y ] be an orbifold with transversal An-singularities
and trivial monodromy. Then,
[Y1] ∼= [Y ]
⊔
g∈µn+1,g 6=1
[S/µn+1],
where the ation of µn+1 on S is the trivial one.
Proof. Sine the monodromy is trivial we an identify all the twisted
setors with S, see Corollary 3.3.8, moreover we identify the loal
groups Gy with µn+1, for all y ∈ S, as explained in Remark 3.3.10.
These identiations give the isomorphism.
Assume that the monodromy is not trivial. So, if y ∈ Y , we have a
surjetive homomorphism
my : π1(S, y)→ Aut(ΓAn) (3.5)
3.3. INERTIA ORBIFOLD AND MONODROMY 45
where Aut(ΓAn) is the yli group of order two. Let U ⊂ Y be a tubular
neighbourhood of S in Y , then (3.5) gives a topologial overing
p : U˜ → U (3.6)
with monodromy my. The topologial spae U˜ has a struture of variety
with transversal An-singularities suh that the orbifold [U˜ ] has trivial
monodromy.
The orbifold struture [U˜ ] an be desribed as follows. Let Uy ⊂ U
ba an open set suh that p−1(Uy) = V1 ⊔ V2, where ⊔ means disjoint
union and the restritions of p to V1 and V2 are homeomorphisms. Then
we hoose uniformizing systems for V1 and V2 as follows: (V˜1, G1, χ1) is
(U˜y, Gy, χy), (V˜2, G2, χ2) is (U˜y, Gy, χy) but the ation of Gy is given as
follows
g · z := g−1 · z, for g ∈ Gy, z ∈ U˜y.
These onsiderations lead to the following desription of the twisted
setors [Y(g)]. Let (g) ∈ T suh that (g) 6= (1), then
Y(g) ∼=
(
U˜(g) ⊔ U˜ǫ·(g)
)
/Aut(ΓAn),
where the element (g) on the left side is meant in the set T relative to
[Y ], instead, (g) on the right side is the lass of a representative g of
(g) in the set T relative to [U˜ ], the ation of Aut(ΓAn) is given by
ǫ · (z, (g)z) = (ǫ · z, ǫ · (g)ǫ·z). (3.7)
The previous onsiderations are summarised in the following result.
Proposition 3.3.12. Let [Y ] be an orbifold with transversal An-singularities
and non trivial monodromy. Then,
[Y1] = [Y ]
⊔
(g)∈T,(g)6=(1)
[Y(g)],
where T ∼= ΓAn/Aut(ΓAn) and
Y(g) ∼=
(
U˜(g) ⊔ U˜(ǫ·(g))
)
/Aut(ΓAn)
as topologial spaes, where the ation of Aut(ΓAn) is dened in (3.7).
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3.4 Orbifold ohomology ring
We desribe now the orbifold ohomology ring of an orbifold [Y ] with
transversal An-singularities. We rst study the ase where the mon-
odromy is trivial.
Convention 3.4.1. If the monodromy is trivial, we identify in a on-
sistent way Gy with µn+1 for all y ∈ S as explained in Reamrk 3.3.10.
We also identify µn+1 with the group Zn+1 of integers modulo n+1 via
the morphism:
a ∈ Zn+1 7→ exp
(
2πi
n + 1
a
)
.
Then, g1, g2 and g3 in µn+1 orrespond respetively to a1, a2 and a3 in
Zn+1. We denote by a the vetor (a1, a2, a3).
Lemma 3.4.2. For any y ∈ S, let (U˜y, Gy, χy) be a uniformizing system
of [Y ] at y. Then, the normal vetor bundles
N
U˜
Gy
y /U˜y
→ U˜Gyy for y ∈ S,
dene an orbifold vetor bundle [N ] over [S/Zn+1] of rank two, where
the ation of Zn+1 on S is the trivial one.
If n ≥ 2 and the monodromy is trivial, [N ] is isomorphi to the
diret sum of two orbifold vetor bundles, [N ]g and [N ]g
−1
, of rank one,
that is
[N ] ∼= [N ]g⊕ [N ]g−1 .
Proof. Let y ∈ S, and let (U˜y, Gy, χy) be a uniformizing system for
[Y ] at y. Then (U˜
Gy
y , Gy, χy |) is a uniformizing system for [S/Zn+1] at
y, where χy | denotes the restrition of χy at U˜Gyy . Moreover, let y′ ∈ S
and (U˜y′ , Gy′ , χy′) be a uniformizing system at y
′
suh that χy(U˜y) ⊂
χy′(U˜y′). Then, any embedding (ϕ, λ) : (U˜y, Gy, χy) → (U˜y′ , Gy′, χy′)
ompatible with [Y ] indues an embedding (ϕ |, λ) : (U˜Gyy , Gy, χy |)→
(U˜
Gy′
y′ , Gy′ , χy′ |) ompatible with [S/Zn+1]. In this way, the orbifold
[Y ] indues an orbifold struture on S, whih oinides with [S/Zn+1].
For any uniformizing system (U˜
Gy
y , Gy, χy |), we dene
N
U˜
Gy
y
:= N
U˜
Gy
y /U˜y
.
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For any embedding (ϕ |, λ) : (U˜Gyy , Gy, χy |)→ (U˜Gy′y′ , Gy′ , χy′ |), we get
an isomorphism N
U˜
Gy
y
→ ϕ |∗N
U˜
G
y′
y′
whih is indued by the tangent
morphism
Tϕ : TU˜y → TU˜y′ .
These data dene [N ].
Assume now that the monodromy is trivial and identify Zn+1 with
Gy for all y ∈ S. Notie that Zn+1 ats on NU˜Zn+1y . So,
N
U˜
Zn+1
y
∼=
(
N
U˜
Zn+1
y
)g
⊕
(
N
U˜
Zn+1
y
)g−1
, (3.8)
where g : Zn+1 → C∗ is the harater a 7→ exp(2πian+1 ), g−1 is the dual of
g, and
(
N
U˜
Zn+1
y
)g
(resp.
(
N
U˜
Zn+1
y
)g−1
) is the subbundle of N
U˜
Zn+1
y
on
whih Zn+1 ats by the harater g (resp. g
−1
). Sine the monodromy
is trivial, the line bundles
(
N
U˜
Zn+1
y
)g
(resp.
(
N
U˜
Zn+1
y
)g−1
) dene the
orbifold vetor bundle [N ]g (resp. [N ]g
−1
).
Lemma 3.4.3. Let n ≥ 2 and assume that the monodromy is trivial.
Consider the natural morphism of orbifolds
[S/Zn+1]→ [S], (3.9)
where the orbifold [S] is the variety S, see Example 1.2.1. Then, there
are line bundles L, M and K on S whih are dened by the following
ondition: the pull-bak of L, M and K under (3.9) are respetively
the line bundles ([N ]g
−1
)⊗n+1, ([N ]g)⊗n+1 and [N ]g
−1 ⊗ [N ]g.
Proof. We prove the statement about [N ]g
−1
and L, the others are
similar. Let {(U˜i, Gi, χi)}i∈I be a set of uniformizing systems for [Y ]
suh that {(U˜i ∩ S,Gi, χi |)}i∈I is an orbifold atlas. We an assume
that, for any i, j ∈ I, we have isomorphisms
gij :
(
[N ]g
−1
)
U˜ij∩S
→
(
[N ]g
−1
)
U˜ji∩S
.
On triple intersetions U˜ijk ∩ S, the isomorphisms gjk ◦ gij dier from
gik by the ation of an element of the group. So,
gn+1jk ◦ gn+1ij = gn+1ik .
This proves the laim.
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Theorem 3.4.4. Let [Y ] be an orbifold with transversal An-singularities.
Assume that the monodromy is trivial. Then we have the following
identiation of vetor spaes
Hporb([Y ]) = H
p(Y(0))⊕a∈Zn+1,a6=0 Hp−2(Y(a))
for all p. The orbifold up produt is given as follows, for α ∈ H∗(Y(a1))
and β ∈ H∗(Y(a2)):
1. α ∪orb β = α ∪ β ∈ H∗(Y ) if a1 = a2 = 0
2. α ∪orb β = α ∪ i∗(β) ∈ H∗(Y(a1)) if a1 6= 0, a2 = 0
3. α ∪orb β = 1n+1i∗(α ∪ β) ∈ H∗(Y ) if a1 6= 0, a2 = a−11
4. α ∪orb β = 1n+1α ∪ β ∪ c1(L) ∈ H∗(Y(a1+a2)) if a1 6= 0, a2 6= 0,
a1 + a2 < n + 1 in Z
5. α∪orb β = 1n+1α∪β ∪ c1(M) ∈ H∗(Y(a1+a2−n+1)) if a1 6= 0, a2 6= 0,
a1 + a2 > n + 1 in Z,
where L andM are the line bundles dened in Lemma 3.4.3, i : S →
Y is the inlusion of the singular lous in Y , and ∪ is the ordinary up
produt of Y .
Note that, sine [Y ] is Gorenstein, ∪orb is superommutative, see
Theorem 2.3.9.
Proof. The orbifold vetor bundles [E(a)] have rank 0 if a1 = 0, a2 = 0
or a3 = 0. This follows e.g. from [28℄, Lemma 1.12, where a relation
between the rank of [E(a)] and the degree shifting numbers of a1, a2 and
a3 is proved.
Let y ∈ S and a = (a1, a2, a3) 6= (0, 0, 0). By denition (see equation
2.1) we have
(E(a))U˜ay :=
(
H1(Σ,OΣ)⊗ (TU˜y) | U˜ay
)G
,
where G ⊂ Zn+1 is the subgroup generated by a1, a2, a3, Σ → P1 is
the Galois over with Galois group G branhed over 0, 1,∞ ∈ P1 and
monodromy respetively a1, a2, a3.
We rst notie that we an replae (TU˜y) | U˜ay with the normal
bundle NU˜ay /U˜y . Then, we an replae Σ with the Galois over C → P1,
indued by the inlusion G ⊂ Zn+1, whih has Galois group Zn+1. So
we have:
(E(a))U˜ay
∼=
(
H1(C,OC)⊗NU˜ay /U˜y
)Zn+1
.
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Note that p : C → P1 is an abelian over in the sense of [47℄, so
p∗OC = ⊕c∈Z∗n+1(L−1)c
where Z∗n+1 is the group of haraters of Zn+1 and Zn+1 ats on (L
−1)c
via the harater c. Note that the haraters g and g−1 dened in
Lemma 3.4.2 are generators of Z∗n+1.
Using the fat H1(C,OC) ∼= H1(P1, p∗OC) and the deomposition
(3.8), we have
(
H1(C,OC)⊗NU˜ay /U˜y
)Zn+1 ∼=
H1(P1, (L−1)g)⊗
(
NU˜ay /U˜y
)g−1
⊕H1(P1, (L−1)g−1)⊗
(
NU˜ay /U˜y
)g
.
By Proposition 2.1 and in partiular by example 2.1 i) of [47℄ we
have that
Lg =
{
O(2) if a1 + a2 < n + 1,
O(1) if a1 + a2 ≥ n+ 1
and
Lg
−1
=
{
O(1) if a1 + a2 ≤ n + 1,
O(2) if a1 + a2 > n+ 1.
It follows that
(E(a))U˜ay =


(
NU˜ay /U˜y
)g−1
if a1 + a2 < n + 1(
NU˜ay /U˜y
)g
if a1 + a2 > n + 1
and the obstrution bundle is
[E(a)] =
{
[N ]g
−1
if a1 + a2 < n + 1
[N ]g if a1 + a2 > n + 1
We now study the ase in whih the monodromy is not trivial. We
have seen that the monodromy (3.8) gives a topologial overing p :
U˜ → U of an open neighbourhood U of S in Y . Moreover U˜ is a
variety with transversal An-singularities, so we have a natural orbifold
struture [U˜ ] on U˜ . Let S˜ be the singular lous of U˜ . The orbifold [U˜ ]
has trivial monodromy, so we an identify all the loal groups Gy˜ with
Zn+1, where y˜ ∈ S˜, see Remark 3.3.10. Under the identiation of S˜
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with any twisted setor U˜(g), we have the following presentation for the
orbifold ohomology of [U˜ ]:
H∗orb([U˜ ])
∼= H∗(U˜)⊕a∈Zn+1,a6=0 H∗−2(S˜).
This is an easy onsequene of Theorem 3.4.4.
Notie that the group Aut(ΓAn) ats on H
∗
orb([U˜ ]). Given ǫ ∈
Aut(ΓAn) and δ˜ + α˜a ∈ H∗orb([U˜ ]), then we have
ǫ · (δ˜ + α˜a) := (ǫ−1)∗δ˜ + ((ǫ−1)∗α˜)−a, (3.10)
where δ˜ denotes an element of H∗(U˜) and α˜a denotes the element of
⊕a∈Zn+1,a6=0H∗−2(S˜) given by the α˜ ∈ H∗−2(S˜) in the a-th addendum.
It follows from Proposition 3.3.12 that there is a natural isomor-
phism of vetor spaes:
H∗orb([U ])
∼=
(
H∗orb([U˜ ])
)Aut(ΓAn )
, (3.11)
where the right hand side is the Aut(ΓAn)-invariant subspae ofH
∗
orb([U˜ ]).
Even if U˜ and U are not ompat, it is possible to dene an orbifold
up produt ∪orb on H∗orb([U˜ ]) (resp. on H∗orb([U ])) suh that the re-
sulting ring (H∗orb([U˜ ]),∪orb) (resp. (H∗orb([U ]),∪orb) has the properties
listed in Theorem 2.3.9, see [16℄ Denition 4.1.2. This produt is de-
ned in an analogous way to the denition of the orbifold up produt
for ompat orbifolds, see Denition 2.3.7. In partiular the obstrution
bundle is as dened in Denition 2.3.5.
Proposition 3.4.5. The restrition of the orbifold up produt on
H∗orb([U˜ ]) to the subspae
(
H∗orb([U˜ ])
)Aut(ΓAn )
is an assoiative produt.
The map (3.11) is then a ring isomorphism.
Proof. Let a = (a1, a2, a3) ∈ (Zn+1)3 with a1 + a2 + a3 = 0 and
a 6= (0, 0, 0). Then onsider the morphism
[U˜−a]→ [U˜a] (3.12)
whose assoiated ontinuous funtion U−a → Ua is given by y˜ → ǫ · y˜,
and all the morphisms between the loal groups Zn+1 are g → −g,
where ǫ ∈ Aut(ΓAn), ǫ 6= 1, and we have identied eah Ua with S˜, so
ǫ · y˜ is the monodromy ation.
From the desription of the obstrution bundle given in the proof of
Theorem 3.4.4, we easily get that the pull-bak of [Ea] under (3.12) is
isomorphi to [E−a], for any a = (a1, a2, a3) ∈ (Zn+1)3 with a1+a2+a3 =
0. This prove the rst laim.
The fat that (3.11) is a ring isomorphism follows from a diret
omputation.
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3.5 Examples
We give here some speial examples of orbifold ohomology rings.
Example 3.5.1. (Surfae ase). We give now a desription of the
orbifold ohomology of a surfae with an An-singularity:
Y = {(x, y, z) ∈ C3 : xy − zn+1 = 0}.
Y is the quotient of C2 by the ation of the group µn+1 given by ǫ ·
(u, v) = (ǫ · u, ǫ−1 · v), ǫ ∈ µn+1.
As a vetor spae
H∗orb([Y ]) = H
∗(Y )⊕H∗−2(S)〈e1〉 ⊕ ...⊕H∗−2(S)〈en〉
where ei is a generator of H
∗(Y(i)) as H
∗(S)-module.
The produt rule is given by
ei ∪orb ej =
{
0 if i+ j 6= 0(mod n + 1),
1
n+1
i∗[S] ∈ H4(Y ) if i+ j = 0(mod n + 1).
Example 3.5.2. (Transversal A1-ase).
H∗orb([Y ]) = H
∗(Y )⊕H∗−2(S)
as vetor spae. Given (δ1, α1), (δ2, α2) ∈ H∗orb(Y ), we have the follow-
ing espression for the orbifold up produt:
(δ1, α1) ∪orb (δ2, α2) = (δ1 ∪ δ2 + 1
2
i∗(α1 ∪ α2), i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2))
Note that in this ase the obstrution bundle [E] has rank zero.
Example 3.5.3. (Transversal A2-ase).
H∗orb([Y ]) = H
∗(Y )⊕H∗−2(S)⊕H∗−2(S)
as vetor spae. Given (δ1, α1, β1), (δ2, α2, β2) ∈ H∗orb(Y ), we have the
following espression for the orbifold up produt:
(δ1, α1, β1) ∪orb (δ2, α2, β2) = (δ1 ∪ δ2 + 1
2
i∗(α1 ∪ β2 + β1 ∪ α2),
i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2) + β1 ∪ β2 ∪ c1(L),
i∗(δ1) ∪ β2 + β1 ∪ i∗(δ2) + α1 ∪ α2 ∪ c1(M)).
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Chapter 4
Crepant resolutions
In this Chapter we show that any variety with transversal ADE-singularities
Y (see Chapter 3.2) has a unique repant resolution ρ : Z → Y . Then
we restrit our attention to the ase of transversal An-singularities and
trivial monodromy. In this ase we desribe the exeptional lous E
in terms of the line bundles L and M dened in Lemma 3.4.3. We
ompute the ohomology ring H∗(Z) of Z in terms of the ohomology
of Y and of E.
In the rst setion we reall some fats about the resolution of ra-
tional double points.
4.1 Crepant resolutions of rational double
points
Let R ⊂ C3 be a rational double point. Then, by Theorem 2.4.6,
R has a unique repant resolution ρ : R˜ → R. R˜ an be obtained
by blowing-up suessively the singular lous. The exeptional lous
C ⊂ R˜ is union of rational urves Cl whose autointersetion numbers
are Cl ·Cl = −2. The shape of C inside R˜ is desribed by the resolution
graph, see Remark 3.1.5. We explain with the next example the An
ase.
Example 4.1.1. (Resolution of An-surfae singulerities). Let
R = {(x, y, z) ∈ C3 : xy − zn+1 = 0}
be a surfae singularity of type An. Let r : R1 = Bl0R → R be the
blow-up of R at the origin. Then R1 is overed by three open ane
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varieties U, V and W , where
U = {
(
x,
v
u
,
w
u
)
∈ C3 :
(v
u
)
− xn−1
(w
u
)n+1
= 0}
V = {
(
y,
u
v
,
w
v
)
∈ C3 :
(u
v
)
− yn−1
(w
v
)n+1
= 0}
W = {
(
z,
u
w
,
v
w
)
∈ C3 : u
w
v
w
− zn−1 = 0}.
and the restrution of r to U, V,W is given as follows
r|U :
(
x,
v
u
,
w
u
)
7→ (x, y, z) =
(
x, x
v
u
, x
w
u
)
r|V :
(
y,
u
v
,
w
v
)
7→ (x, y, z) =
(
y
u
v
, y, y
w
v
)
r|W :
(
z,
u
w
,
v
w
)
7→ (x, y, z) =
(
z
u
w
, z
v
w
, z
)
.
If n = 1, R1 is smooth and the exeptional lous is given by one rational
urve C. A diret omputation shows that C ·C = −2. If n ≥ 2, R1 has
a singularity of type An−2 at the origin of W and the exeptional lous
is given by the union of two rational urves meeting at the singular
point. Then, after a nite number of blow-up, we get a smooth surfae.
Let R˜ be the rst smooth surfae obtained in this way and ρ : R˜→
R the omposition of the blow-up morphisms. Let C = C1, ..., Cn be
the omponents of the exeptional lous. A diret omputation shows
that Cl ·Cl = −2, for any l = 1, ..., n. From adjuntion formula we get
KR˜ · Cl = 0, for any l = 1, ..., n. We want to prove that ρ∗KR ∼= KR˜.
But
ρ∗KR ∼= KR˜ +
n∑
l=1
alCl,
for some integers a1, ..., an. The intersetion of the right and left side
of the previous espression gives:
n∑
l=1
alCl · Ck = 0 for any k = 1, ..., n.
Sine the matrix with entries (Cl ·Ck) is negative denite ([5℄, Chapter
III, Theorem 2.1), it follows al = 0 for all l = 1, ..., n.
From this desription, it is lear that the exeptional lous C is a
hain of rational urves whose dual graph is ΓAn, (see Remark 3.1.6).
4.2. EXISTENCE AND UNICITY 55
4.2 Existene and uniity
Proposition 4.2.1. Let Y be a variety with transversal ADE-singularities.
Then, there exists a unique repant resolution ρ : Z → Y .
Proof. To prove existene, one an proeed as follows. Let r : BlSY →
Y be the blow-up of S ⊂ Y . If BlSY is smooth, then dene Z := BlSY
and ρ = r. Otherwise, blow-up again. As in the surfae ase, after a
nite number of blow-up, we will end with a smooth variety. Dene
Z to be the rst smooth variety obtained in this way, and ρ be the
omposition of the blow-up morphisms. We will show that ρ∗KY ∼= KZ .
In general we have
ρ∗KY ∼= KZ +
n∑
l=1
alEl,
where El are the omponents of the exeptional divisor E of ρ and al
are integers dened as follows. Let z ∈ El be a generi point, and
gl = 0 be an equation for El in a neighbourhood of z. Let s be a (loal)
generator of KY in a neighbourhood of ρ(z). Then al is dened by the
following equation
ρ∗(s) = gall (dz1 ∧ ... ∧ dzn),
where z1, ..., zd are loal oordinates for Z in z. For more details see
[18℄, Leture 6. In our ase, Y is loally a produt R × Ck, so Z is
loally isomorphi to R˜×Ck. Then, sine R˜→ R is repant, al = 0 for
all l = 1, ..., d.
We now prove uniity. Assume that ρ1 : Z1 → Y is another res-
olution of Y . By [29℄, Lemma 2.10, the exeptional lous of ρ1 is of
pure odimension 1 in Z1. Let IS/Y be the ideal sheaf of S in Y . The
sheaf J := ρ−11 (IS/Y ) · OZ1 is the ideal sheaf of the exeptional lous
of ρ1, and the loal piture shows that it is invertible. So, we get
a morphism Z1 → BlSY whih lifts ρ1, [33℄, Chapter II, Proposition
7.14. Repeating this argument we get a morphism f : Z1 → Z, fur-
thermore f ∗KZ = KZ1 beouse ρ1 : Z1 → Y is repant. Then f is an
isomorphism. Indeed, f indues a morphism TZ1 → f ∗TZ , taking the
determinant we have a morphism
∧dTZ1 → ∧dTZ , (4.1)
so we get a global setion of OZ1(KZ1 − f ∗KZ) ∼= OZ1 . Sine Z1 is
projetive and f is birational, this setion is onstant equal to 1. So it
is a loal isomorphism and one to one.
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4.3 Geometry of the exeptional divisor
In this setion we restrit our attention to varieties with transversal An-
singularities and whose assoiated orbifold [Y ] has trivial monodromy.
In this ase, any omponent El of the exeptional divisor has a struture
of P1-bundle on S. We will desribe El as the projetivization of vetor
bundles over S of rank 2. These vetor bundles are dened in terms of
the line bundles L, M and K, dened in Lemma 3.4.3.
Notation 4.3.1. We will denote by E ⊂ Z the exeptional lous of ρ
and by E1, ..., En the irreduible omponents of E. The restrition of
ρ to E will be denoted π : E → S and the restrition of π to El with
πl : El → S.
Proposition 4.3.2. Let Y be a variety with transversal A1-singularities.
Then E is irrediible and there exists a vetor bundle F on S, of rank
two, suh that
E ∼= P(F ), (4.2)
where P(F ) is the projetive bundle of lines in F as dened in [30℄,
Appendix B.5.5, where it is denoted by P (F ).
Moreover, the normal bundle NE/Z is given as follows
NE/Z ∼= OF (−2)⊗ π∗L (4.3)
where L is dened by ∧2F ⊗L ∼= R1π∗NE/Z , OF (−2) is dened in [30℄,
Appendix B.5.1.
Proof. In this ase, Z = BlSY , and the normal one CSY of S in Y is
a oni bundle with ber isomorphi to {(x, y, z) ∈ C3 : xy−z2 = 0}, so
the projetion CSY → S indues to π : E = P(CSY ) → S a struture
of a P1 bundle over S. In partiular it is irreduible.
Sine S is smooth, there exists a rank two vetor bundle on S, say
F , suh that E ∼= P(F ). This follows from [33℄, Chapter II, Exerise
7.10(). Let us x one of these bindles and denote it by F .
The normal bundle NE/Z is a line bundle whose restrition on eah
ber π−1(s) is isomorphi to Oπ−1(s)(−2). So, equation 4.3 follows.
The desription of L is a onsequene of the projetion formula, [33℄,
Chapter III, Exerise 8.3.
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Proposition 4.3.3. Let Y be a variety with transversal An-singularities,
n ≥ 2. Then, for any omponent El of E, πl : El → S is a P1-bundle
and it an be written as follows,
El ∼= P(Ll ⊕Ml) for l = 1, ..., n,
where Ll and Ml are line bundles on S that satises the following equa-
tion
Ll ⊗M∨l ∼= M ⊗ (K∨)⊗l for l = 1, ..., n. (4.4)
Moreover the intersetion Ek ∩ El has the following expression
Ek ∩ El =


∅ if |k − l| > 1,
P(Ml−1) ⊂ El−1 if k = l − 1,
P(Ll) ⊂ El if k = l − 1.
Proof. In our ase the monodromy is trivial, so we an identify the
loal groups Gy, y ∈ S, with Zn+1 in a natural way. From this it follows
that the normal one CSY of S in Y is the union of two omponents,
eah of these being a vetor bundle of rank 2 on S. So, we get two
omponents of E with the strutures of P1-bundles over S. If we blow-
up again, we get other omponents of E. More preisely, if n = 3 we
get one omponent, if n ≥ 4, then we must get two other omponets.
Eah of these omponents have learly a struture of P1-bundles over
S.
Sine S is smooth, we an hoose rank two vetor bundles Fl on
S suh that El ∼= P(Fl). But, for later use, we want Fl to be of the
laimed form. Notie that, if El ∼= P(Fl), then for any line bundle L on
S, El ∼= P(Fl ⊗ L). So, if Fl = Ll ⊕Ml, El is dermined by Ll ⊗M∨l .
We prove the Proposition in the following way: we think of Z as
a nite number of blow-ups; at eah blow-up we ompute the transi-
tion funtions of the vetor bundles that forms the normal one of the
singular lous.
Let {Ui}i∈I be an open overing of a neighbourhood of S in Y .
Assume that eah Ui is given as follows
Ui = {(wi, xi, yi, zi) ∈ Ck × C3 : xiyi − zn+1i = 0}.
For any i ∈ I, let (U˜i,Zn+1, χi|) be a uniformizing system for [Y ] suh
that χi(U˜i) = U˜i. Let us assume that
U˜i = {(wi, ui, vi) ∈ Ck × C2}.
We an suppose further that, for any i, j ∈ I, there are isomorphisms
ϕij : χ
−1
i (Ui ∩ Uj)→ χ−1j (Ui ∩ Uj)
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whih are Zn+1-equivariant.
Let ϕ = (Φ, F, G), where Φ, F, G are the omponents of ϕ with re-
spet to the oordinates (wi, ui, vi). The fat that ϕ is Zn+1-equivariant
imply that Φ depends only on wi so it is an isomorphism between open
subsets of S.
Using this oordinates we get bases for the normal bundlesN
U˜
Zn+1
i /U˜i
=
〈 ∂
∂ui
, ∂
∂vi
〉. Moreover we have
∂
∂ui
7→ ∂F
∂ui
∂
∂uj
+
∂G
∂ui
∂
∂vj
∂
∂vi
7→ ∂F
∂vi
∂
∂uj
+
∂G
∂vi
∂
∂vi
.
The ondition for Tϕij : NU˜Zn+1i /U˜i
→ N
U˜
Zn+1
j /U˜j
to be an isomorphism
of Zn+1-representations implies that F is independent on vi and that G
does not depend on ui.
The two onditions F (ǫ · ui) = ǫ · F (ui), G(ǫ−1 · vi) = ǫ−1 · G(vi)
imply
F (ui) =
∞∑
k=0
u
k(n+1)+1
i
∂k(n+1)+1F
∂u
k(n+1)+1
i
G(vi) =
∞∑
k=0
v
k(n+1)+1
i
∂k(n+1)+1G
∂v
k(n+1)+1
i
.
From these expressions we see that F n+1 and Gn+1 depends only on
un+1i = xi and v
n+1
i = yi respetively and F · G depends on (xi, yi, zi).
So (F n+1, Gn+1, F · G) is an automorphism of Ui ∩ Uj. Moreover we
have the following hange of variable expression
xj = xi
(
∂F
∂ui
)n+1
+ h.o.t.'s
yj = yi
(
∂G
∂vi
)n+1
+ h.o.t.'s
zj = zi
∂F
∂ui
∂G
∂vi
+ h.o.t.'s.
From the previous alulations it is lear that the normal one of S
in Y is the union of two irreduible omponents, C1 and C2. C1 and C2
have a struture of vetor bundles of rank 2 over S and they are given
as follows
C1 ∼= M ⊕K
C2 ∼= L⊕K,
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where L, M and K are dened in Lemma 3.4.3. Moreover, the inter-
setion C1 ∩ C2 in CSY is given by the line bundle K.
After the rst blow-up, we get a variety over Y with transversal
An−2-singularities, the exeptional divisor is P(CSY ) = P(C1) ∪ P(C2),
the singular lous is P(C1) ∩ P(C2). So, if n > 2, we have to blow-
up again. Let (ai, bi, zi), (aj, bj , zj) be oordinates in a neighbourhood
of the singular lous. The blow-up morphism, in these oordinates,
is given by: xi = aizi, yi = bizi, zi = zi. Then the two systems of
oordinates, (ai, bi, zi) and (aj, bj , zj) are related ss follows:
aj =
xj
zj
=
F n+1(aizi)
F ·G (4.5)
bj =
yj
zj
=
Gn+1(aizi)
F ·G (4.6)
zj = F ·G. (4.7)
Note that, in the rst two equations, numerator and denominator on
the right side, are both multiples of zi. So, after dividing by zi, 4.5
beomes
aj = ai
(
∂F
∂ui
)n+1
(
∂F
∂ui
∂G
∂vi
) + h.o.t.'s
bj = bi
(
∂G
∂vi
)n+1
(
∂F
∂ui
∂G
∂vi
) + h.o.t.'s
zj = F ·G.
These alulations shows that the normal one of the singular lous,
after the rst blow-up, is the union of the following irreduible om-
ponents P((M ⊗ K∨) ⊕ K) and P(K ⊕ (L ⊗ K∨)) interseting along
P(K).
Under the identiation of the strit transform of P(CSY ) with
P(M ⊕K)∪P(K⊕L), we laim that P((M ⊗K∨)⊕K)∩P(M ⊕K) =
P(K) ⊂ P(M ⊕K), P((M ⊗K∨) ⊕K) ∩ P(M ⊕K) = P(M ⊗K∨) ⊂
P(M ⊗ K∨ ⊕ K) and P(M ⊕ K) ∩ P(K ⊕ (L ⊗ K∨)) = ∅. This fol-
lows from the surfae ase. In this ase Y = {xy − zn+1 = 0} and
the blow-up is overed by three open sets with oordinates (x, c
a
), (y, c
b
)
and (a
c
, b
c
, z). The strit transform of the x−axis is ontained in the
open with oordinates (x, c
a
), c
a
= z
x
. Under the identiation of the
exeptional lous with P({(x, y, z) : xy = 0}).
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4.4 Cohomology ring of the repant resolu-
tion
Let Y be a variety with transversal An-singularities, suppose that the
monodromy of [Y ] is trivial. In this setion we desribe the ohomology
ring of the repant resolution Z of Y in terms of the ohomology of Y
and the geometry of the exeptional divisor E.
Notation 4.4.1. We will use the same notation of the preeding se-
tion. Moreover, we will denote by j : E → Z the embedding of E in Z,
i : S → Y the embedding of S in Y . The restrition of j to the ompo-
nent El will be denoted by jl : El → Z. We will denote by kl : El → E
the morphism dened by the equality j ◦ kl = jl.
Proposition 4.4.2. Let Y be a variety with transversal A1-singularities.
Then the following map is an isomorphism of vetor spaes
H∗(Y )⊕H∗−2(S)〈E〉 ∼= H∗(Z)
δ + αE 7→ ρ∗(δ) + j∗π∗(α).
Under the identiation of H∗(Z) with H∗(Y )⊕H∗−2(S)〈E〉 by means
of this map, the up produt of Z is given as follows
(δ1 + α1E) · (δ2 + α2E) = δ1 ∪ δ2 − 2i∗(α1 ∪ α2)
+
(
i∗(δ1) ∪ α2 + α1 ∪ i∗(δ2) + 2c1(R1π∗NE/Z) ∪ α1 ∪ α2
)
E.
Proof. From projetion formula we get
j∗π
∗(α) · ρ∗(δ) = j∗ (π∗(α) · j∗ρ∗(δ)) = j∗π∗(α · i∗δ).
So, αE · δ = (α ∪ i∗δ)E. To get the produt rule between α1 and α2,
for α1, α2 ∈ H∗(S), we write
j∗π
∗(α1) ∪ j∗π∗(α2) = ρ∗(δ) + j∗π∗(α)
for some δ ∈ H∗(Y ) and α ∈ H∗(S). But, from projetion formula and
the equality ρ∗ ◦ j∗ = (ρ ◦ j)∗ = (i ◦ π)∗ = i∗ ◦ π∗, we have
δ = ρ∗(j∗π
∗(α1) ∪ j∗π∗(α2)) = −2i∗(α1 ∪ α2), and
j∗π
∗(α1) ∪ j∗π∗(α2) = j∗
(
c1(NE/Z) ∪ π∗(α1 ∪ α2)
)
.
On the other hand, π∗(α) is the oeient of c1(OF (−2)) in j∗(j∗π∗(α1)∪
j∗π
∗(α2)), whih is 2α1 ∪ α2 ∪ c1
(
R1π∗NE/Z
)
.
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Notation 4.4.3. For any variety X and line bundle L on X , we will
denote by L the rst Chern lass c1(L) ∈ H2(X). If α ∈ H∗(X), then
we will denote by αL the up produt α ∪ c1(L) ∈ H∗(X).
Convention 4.4.4. The variety Y has omplex dimension d and so also
Z is of omplex dimension d and S has omplex dimension k := d− 2.
Proposition 4.4.5. The following map is an isomorphism of vetor
spaes
H∗(Y )⊕nl=1 H∗−2(S)〈El〉 → H∗(Z)
δ + α1E1 + ...+ αnEn 7→ ρ∗(δ) +
n∑
l=1
jl∗π
∗
l (αl).
Under this identiation the up produt of Z is given as follows:
Ei−1 ∪ Ei = [S] +
n∑
l=1
{[(c−1n )il − (c−1n )i−1,l]M + [i(c−1n )i−1,l − (i− 1)(c−1n )il]K}El
Ei ∪ Ei = −2[S] +
n∑
l=1
{[(c−1n )i−1,l − (c−1n )i+1,l]M
+[−(i− 1)(c−1n )i−1,l − 4(c−1n )il + (i+ 1)(c−1n )i+1,l]K}El
Ei ∪ Ej = 0 if |i− j| > 1
where [S] ∈ H4(X) denotes the fundamental lass i∗([S]) of S in X, and
(cn)ij is the element in the i−th row and j−th olumn of the following
n× n matrix
cn =


−2 1 0 ... ... 0
1 −2 1 0 ... 0
... ... ... ... ... ...
0 ... 0 1 −2 1
0 ... ... 0 1 −2

 (4.8)
The proof will use the following lemmas.
Lemma 4.4.6. The following sequene is exat for any q,
0→ Hq(Y ) ρ∗−→ Hq(Z) [j
∗]−−→ Hq(E)/π∗(Hq(S))→ 0,
where [j∗] is the omposition of j∗ with the projetionHq(E)→ Hq(E)/π∗(Hq(S)).
The sequene splits, so we get an isomorphism of vetor spaes
H∗(Z) ∼= H∗(Y )⊕H∗(E)/π∗(H∗(S)).
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Proof. The exatness follows by omparing the exat sequenes of
the pairs (E,Z) and (S, Y ). The sequene is split sine there is a
push-forward morphism ρ∗ : H
∗(Z) → H∗(Y ) whih satises ρ∗ ◦ ρ∗ =
idH∗(Y ).
Lemma 4.4.7. There is a anonial isomorphism of vetor spaes
H∗(E)/π∗(H∗(S)) ∼= ⊕nl=1H∗(El)/π∗l (H∗(S)).
Proof. Let Eˆ1 = E − E1 be the losure of the omplement of E1 in E.
Then E = E1∪Eˆ1 and E1∩Eˆ1 ∼= S. From the Mayer-Vietoris sequene
with respet to the overing {E1, Eˆ1} of E it follows that the following
morphism is an isomorphism
Hq(E)/π∗(Hq(S))
(k∗1 ,−kˆ
∗
1)−−−−−→ Hq(E1)/π∗1(Hq(S))⊕Hq(Eˆ1)/πˆ∗1(Hq(S))
where k1 : E1 → E and kˆ1 : Eˆ1 → E are inlusions, and πˆ1 is the
restrition of π to πˆ. The result follows by indution.
Proof of Proposition 4.4.5. As a onsequene of the above lemmas
we have that the vetor spaes H∗(Y ) ⊕nl=1 H∗−2(S) and H∗(Z) have
the same dimension, so it is enough to show that the map is inje-
tive. Assume that ρ∗(δ) +
∑n
l=1 jl∗π
∗
l (αl) = 0. Then δ = ρ∗(ρ
∗(δ) +∑n
l=1 jl∗π
∗
l (αl)) = 0. Next, applying j
∗
k we get
j∗k(ρ
∗(δ) +
n∑
l=1
jl∗π
∗
l (αl)) = 0,
the left side of this equation, up to terms of the form π∗k(..) assumes
the following expression:
π∗k(−
1
2
αk−1 + αk − 1
2
αk+1) ∪ ek,
where ek ∈ H2(Ek) is the lass j∗k (c1(OZ(Ek))). We use the onvention
α−1 = αn+1 = 0. It follows that
(cn)klαl = 0 for any k = 1, ..., n.
So, αl = 0 for all l, sine cn is nondegenerate.
Finally note that the following maps are isomorphisms
Hq−2(S) → Hq(El)/π∗l (Hq(S))
α 7→ [π∗l (α) ∪ el].
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To prove 4.8, write
Ei ∪ Ej = ρ∗(δ) +
n∑
l=1
jl∗π
∗
l (αl), (4.9)
where δ ∈ H∗(Y ) and αl ∈ H∗(S).
We immediately get
δ = ρ∗(Ei ∪ Ej) = ρ∗(ji∗([Ei]) ∪ jj∗([Ej ]))
= ρ∗ji∗([Ei]) ∪ j∗i jj∗([Ej ])) = i∗πi∗([Ei]) ∪ j∗i jj∗([Ej ])).
So,
δ =


0 if |i− j| > 1
[S] if |i− j| = 1
−2[S] if |i− j| = 0.
We now pull-bak both sides of (4.9) with jk. We get the following
equation
j∗k(Ei ∪ Ej) = j∗kρ∗(δ) +
n∑
l=1
j∗kjl∗π
∗
l (αl)
= π∗ki
∗(δ) + j∗k(αk−1Ek−1 + αkEk + αk+1Ek+1
= π∗ki
∗(δ) + π∗k(αk−1)[Ek−1 ∩ Ek ⊂ Ek] + π∗k(αk)NEk/Z
+ π∗k(αk+1)[Ek+1 ∩ Ek ⊂ Ek]
where by [Ek−1 ∩ Ek ⊂ Ek] (resp. [Ek+1 ∩ Ek ⊂ Ek]) we mean the
ohomology lass dual of the homology lass of Ek−1∩Ek (resp. Ek+1∩
Ek) in Ek. Using our desription of El (see Proposition 4.3.3) and [30℄,
Appendix B.5.6, we have the following expression for j∗k(Ei ∪Ej) up to
terms whih are pulled-bak from S with πk:
j∗k(Ei ∪ Ej) = π∗k(αk−1 − 2αk + αk+1)OFk(1), (4.10)
where, as usual, α−1 = αn+1 = 0.
On the other hand, the left side of (4.9) gives
j∗k(Ei ∪ Ej) = j∗k(ji∗([Ei]) ∪ jj∗([Ej ])) (4.11)
= [Ei ∩ Ek ⊂ Ek] ∩ [Ej ∩ Ek ⊂ Ek]. (4.12)
We now distingiush three ases.
Case |i− j| > 1. Then learly Ei ∪ Ej = 0.
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Case |i− j| = 1. Then
j∗k(Ei−1 ∪ Ei) =


0 for k < i− 1,
NEi−1/Z ∪ [Ei−1 ∩ Ei ⊂ Ei−1] for k = i− 1,
NEi/Z ∪ [Ei−1 ∩ Ei ⊂ Ei] for k = i,
0 for k > i.
In order to ompute NEl/Z , let us denote by Sl−1 = El−1 ∩ El. Then
notie that NEl/Z |Sl−1
∼= NSl−1/El−1 and then, from [30℄ Appendix B.5.6,
it follows that
NEi/Z
∼= OFi(−2) + π∗i (K − Li −Mi). (4.13)
A diret appliation of [30℄ Appendix B.5.6 gives
[El−1 ∩ El ⊂ El−1] = OFl−1(1) + π∗l−1Ll−1. (4.14)
From (4.13) and (4.14) it follows that, up to terms of the form π∗k(...),
j∗k(Ei−1 ∪ Ei) is equal to
j∗k(Ei−1 ∪ Ei) =


0 for k < i− 1,
OFi−1(1)(iK −M) for k = i− 1,
OFi(1)(M − (i− 1)K) for k = i,
0 for k > i.
Then we get the following system of equations for the αl's.

0
...
0
iK −M
M − (i− 1)K
0
...
0


=


−2 1 0 ... ... ... ... 0
1 −2 1 0 ... ... ... 0
0 1 −2 1 0 ... ... 0
0 0 1 −2 1 0 ... 0
0 0 0 1 −2 1 ... 0
... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ...
0 ... ... .. .... ... 1 −2




α1
...
...
αi−1
αi
...
...
αn


Case |i− j| = 0. Then
j∗k(Ei ∪ Ei) =


0 for k < i− 1,
[Ei−1 ∩ Ei ⊂ Ei−1]2 for k = i− 1,
N2Ei/Z for k = i,
[Ei+1 ∩ Ei ⊂ Ei+1]2 for k = i+ 1,
0 for k > i+ 1.
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Using again (4.13) and (4.14), we have that
j∗k(Ei ∪ Ei) =


0 for k < i− 1,
OFi−1(1)(M − (i− 1)K) for k = i− 1,
OFi(1)(−4K) for k = i,
OFi+1(1)((i+ 1)K −M) for k = i+ 1,
0 for k > i+ 1.
Then we get the following system of equations for the αl's.

0
...
0
M − (i− 1)K
−4K
(i+ 1)K −M
0
...
0


=


−2 1 0 ... ... ... ... ... 0
1 −2 1 0 ... ... ... ... 0
0 1 −2 1 0 ... ... ... 0
0 0 1 −2 1 0 ... ... 0
0 0 0 1 −2 1 ... ... 0
... ... ... ... ... ... ... ... ...
... ... ... ... ... ... ... ... ...
0 ... ... .. .... ... ... 1 −2




α1
...
...
αi−1
αi
αi+1
...
...
αn


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Chapter 5
Quantum orretions
We ompute the quantum orreted up produt (see Denition 2.4.11)
in the transversal An ase and with trivial monodromy.
In the rst setion we give a desription of the genus zero Gromov-
Witten invariants of Z that are needed in order to ompute the quan-
tum orreted up produt. Some of these invariants are omputed by
a diret understanding of the virtual fundamental lass. To ompute
the ramaining, we use the property that Gromov-Witten invariants are
invariants under deformation of the omplex struture of Z, so we will
impose some tehnial hypothesis on Z whih guarantee that some de-
formations of Z are unobstruted. In the last Setion, using also the
results of Chapter 4, we give a presentation of the ringH∗ρ(Z)(q1, ..., qn),
as dened in Theorem 2.4.14. We review in Setion 2, some basi fats
about virtula fundamental lasses that are used in the proof of the
results.
5.1 Gromov-Witten invariants of the repant
resolution
We desribe some of the genus zero Gromov-Witten invariants of Z
in order to ompute the quantum orreted up produt. Sine we are
able to ompute some of the invariants in omplete generality and some
others under partiular hypothesis, we deided to ollet these results
in three dierent Theorems.
Convention 5.1.1. Let X be a variety of dimension d, then we dene
to be zero the integral of any ohomology lass α ∈ H∗(X) on X of
degree dierent to 2d.
Notation 5.1.2. Through this Chapter Y will be a variety with transver-
sal An-singularities suh that the orresponding orbifold [Y ] has trivial
67
68 CHAPTER 5. QUANTUM CORRECTIONS
monodromy. We will denote by ρ : Z → Y the repant resolution.
We have the following isomorphism of vetor spaes (see Proposition
4.4.5):
H∗(Y )⊕nl=1 H∗−2(S)〈El〉 → H∗(Z)
δ + α1E1 + ...+ αnEn 7→ ρ∗(δ) +
n∑
l=1
jl∗π
∗
l (αl).
So, a ohomology lass γ ∈ H∗(Z) of Z will be denoted by
γ = δ + α1E1 + ... + αnEn, with δ ∈ H∗(Y ), αl ∈ H∗−2(S).
The homology group H2(Z,Z) of Z an be desribed as follows,
H2(Z,Z) ∼= H2(Y Z)⊕H0(S)〈β1〉 ⊕ ...⊕H0(S)〈βn〉,
where βl ∈ H2(Z,Z) is the lass of a ber of πl : El → S, see Notation
4.3.1. We have that β1, ..., βn is an integral basis of Ker ρ∗, where
ρ∗ : H2(Z,Q) → H2(Y,Q) is the group homomorphism indued by ρ,
see Chapter 2.4. So, any lass Γ ∈ H2(Z,Q) of a rational urve that is
ontrated by ρ, i.e. ρ∗(Γ) = 0, is written in a unique way as
Γ = a1β1 + ...+ anβn with al positive integers.
We now ompute the 3-point, genus zero Gromov-Witten invariants
ΨZΓ (γ1, γ2, γ3) =
∫
[M¯0,3(Z,Γ)]
vir
ev∗3(γ1 ⊗ γ2 ⊗ γ3) (5.1)
where γi ∈ H∗(Z), Γ = a1 · β1 + ...+ an · βn ∈ H2(Z,Z) is an homology
lass suh that ρ∗(Γ) = 0, M¯0,3(Z,Γ) is the moduli spae of 3-pointed
stable maps [µ : (C, p1, p2, p3)→ Z] suh that µ∗[C] = Γ, the arithmeti
genus of C is 0, and ev3 : M¯0,3(Z,Γ) → Z × Z × Z is the evaluation
map.
Theorem 5.1.3. Let Y be a variety with transversal A1-singularities
and let ρ : Z → Y be the repant resolution. Then,
ΨZaβ(γ1, γ2, γ3) =
{
0 if γ1, γ2 or γ3 are in H
∗(Y );
−8 ∫
S
α1 · α2 · α3 · c1(R1π∗NE/Z) if γi = αiE for i = 1, 2, 3.
Where a ≥ 1 is an integer, π : E → S is the restrition to E of ρ, and
the dots denote the up produt of S.
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Theorem 5.1.4. Let Y be a variety with transversal An-singularities,
n ≥ 2, and let ρ : Z → Y be the repant resolution. Then,
ΨZΓ (γ1, γ2, γ3) =
{
0 if γ1, γ2 or γ3 are in H
∗(Y );
(El1 · βij)(El2 · βij)(El3 · βij)
∫
S
α1 · α2 · α3 · c1(K)
where the seond possibility holds if Γ = βij := βi + ...+ βj for 1 ≤ i ≤
j ≤ n, and γi = αi · Eli for i = 1, 2, 3. Here K is the line bundle on S
dened in Lemma 3.4.3.
Theorem 5.1.5. Let Y be a variety with transversal An-singularities,
n ≥ 2, and let ρ : Z → Y be the repant resolution. Assume further
that the line bundle K (dened in Lemma 3.4.3) is suiently ample,
that H2(Z, TZ) = 0 and H
1(S, TS) = 0. Then, we have the following
expression for the Gromov-Witten invariants:
ΨZΓ (γ1, γ2, γ3) =


0 if γ1, γ2 or γ3 are in H
∗(Y );
(El1 · βij)(El2 · βij)(El3 · βij)
∫
S
α1 · α2 · α3 · c1(K)
0 in the remaining ases.
where the seond possibility holds if Γ = a · βij := βi + ... + βj for a be
a positive integer, 1 ≤ i ≤ j ≤ n, and γi = αi · Eli for i = 1, 2, 3.
Conjeture 5.1.6. Theorem 5.1.5 is true in omplete generality, i.e.
without the hypothesis on K, on H2(Z, TZ) and H
1(S, TS). We give in
Setion 6.3 an outline of the proof of this onjeture.
Remark 5.1.7. Notie that, if [Y ] arries a global holomorphi sym-
pleti 2-form ω, then we an identify L with M∨ by means of ω. So,
(n + 1)K ∼= M ⊗ L ∼= OS,
so, all the Gromov-Witten invariants vanish.
5.2 Virtual fundamental lass for Gromov-
Witten invariants
We review here some basi properties about the virtual fundamental
lass
[M¯g,n(Z,Γ)]vir. We follow lesely [10℄ and [9℄.
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We reall the denition of obstrution theory for a Deligne-Mumford
stak X . We will denote by D(OXe´t) the derived ategory of OXe´t-
modules, where Xe´t denote the small étale site of X . The otangent
omplex of X will be denoted by L•Xe´t ∈ D(OXe´t).
Denition 5.2.1. Let X be a Deligne-Mumford stak. Let E• ∈ obD(OXe´t)
be an objet that satises the following onditions:
• hi(E•) = 0, for i > 1;
• hi(E•) is oherent, for i = 0,−1.
Then, a morphism φ : E• → L•Xe´t in D(OXe´t) is alled an obstru-
tion theory for X , if h0(φ) is an isomorphism and h−1(φ) is surjetive.
By abuse of language we also say that E• is an obstrution theory for
X .
The obstrution theory φ : E• → L•Xe´t is perfet, if E• is of perfet
amplitude in [−1, 0].
Let E• be a perfet obstrution theory for X . Assume that loally
E• is written as a omplex of vetor bundles [E−1 → E0]. Then, the
rank of E• is dened to be
rk E• = dimE0 − dimE−1.
Denition 5.2.2. The virtual dimension of X with respet to the
perfet obstrution theory E• is dened to be the rank rk E• of E•. We
will denote the virtual dimension by ν.
Remark 5.2.3. The virtual dimension is a loally onstant funtion
on X . We shall assume that the virtual dimension of X with respet
to E• is onstant, equal to ν.
Remark 5.2.4. Let E• be a perfet obstrution theory for X . Then
E• give rise to a vetor bundle stak E, into whih the intrinsi normal
one CX of X an be embedded as a losed subone stak ([10℄, page 72).
Under the hypothesis that E• has a global resolution ([10℄, Denition
5.2), the virtual fundamental lass [X , E•] of X , with respet to E•, is
the lass in the rational Chow group Aν(X ), obtained by interseting
CX with the zero setion of E, [10℄, Proposition 5.3.
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Notation 5.2.5. We will denote by M¯g,n(Z,Γ) the Deligne-Mumford
stak of stable maps of lass Γ ∈ H2(Z) from an n-marked prestable
urve of genus g to Z. The universal urve on M¯g,n(Z,Γ) will be
denoted by p : C → M¯g,n(Z,Γ), and the universal stable map by f :
C → Z.
The universal urve p : C → M¯g,n(Z,Γ) an also be seen in the fol-
lowing way. Consider the stak M¯g,n+1(Z,Γ), then, there is a morphism
fn+1,n : M¯g,n+1(Z,Γ)→ M¯g,n(Z,Γ) (5.2)
whih forgets the last marked point and ontrats the unstable om-
ponents. Then fn+1,n an be identied with the universal urve, the
universal stable map is the evaluation morphism of the (n+1)-th point.
The otangent omplex of M¯g,n(Z,Γ)will be denoted with L•M¯g,n(Z,Γ).
It is an element in the derived ategory D(OM¯g,n(Z,Γ)e´t) of the ategory
of OM¯g,n(Z,Γ)e´t-modules, where M¯g,n(Z,Γ)e´t is the small étale site of
M¯g,n(Z,Γ).
Remark 5.2.6. The moduli stak M¯g,n(Z,Γ) has a natural perfet
obstrution theory given by
E• = R•p∗{[f ∗ΩZ → Ωp]⊗ ωp}, (5.3)
where ΩZ is the sheaf of relative dierentials of Z over Spec(C), Ωp is
the sheaf of relative dierentials of C overM ([33℄, page 175) and ωp is
the relative dualizing sheaf in degree −1, see [10℄, page 82. Moreover
E• has a global resolution. The resulting virtula fundamental lass will
be denoted by [M¯g,n(Z,Γ)]vir.
This is proved in [10℄ Proposition 6.3, [9℄ Proposition 5, for the
relative ase.
There are some basi properties that holds for [M¯g,n(Z,Γ)]vir, they
are given and proved for the virtual fundamental lass given by any
perfet obstrution theory on a given Deligne-Mumford stak in [10℄,
Propositions 5.5-5.10 and Propositions 7.2-7.5. Here we report some of
these properties in the speial ase of [M¯g,n(Z,Γ)]vir.
Proposition 5.2.7. The virtual dimension ν of M¯g,n(Z,Γ) is onstant
and equal to
ν = (1− g)(dimZ − 3)− (Γ ·KZ) + n.
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Proposition 5.2.8. Let M¯g,n(Z,Γ) be smooth. Then h1(E•∨) is loally
free and the virtual fundamental lass is
[M¯g,n(Z,Γ)]vir = cr(h1(E•∨)) · [M¯g,n(Z,Γ)],
where r = rkh1(E•∨).
Proposition 5.2.9. Let
fn+1,n : M¯g,n+1(Z,Γ)→ M¯g,n(Z,Γ)
be the forgetful morphism. Then f ∗n+1,n([M¯g,n(Z,Γ)]vir) = [M¯g,n+1(Z,Γ)]vir.
Consider the following diagram of Deligne-Mumford staks,
X ′ u−−−→ Xy y
B′
v−−−→ B,
(5.4)
where B and B′ are smooth of onstant dimension, v has nite unram-
ied diagonal.
Proposition 5.2.10. Let E• → LX/B be a perfet obstrution theory
for X over B. If (5.4) is artesian, then u∗E• is a perfet obstrution
theory for X ′ over B′. If E• has a global resolution so does u∗E• and
for the indued virtual fundamental lasses we have
v![M]vir = [M′]vir
at least in the following ases.
1. v is at,
2. v is a regular loal immersion.
Proposition 5.2.11. Let E• be the obstrution theory dened in (5.3).
Then we have the following exat sequene of oherent sheaves on M,
0→ p∗Ω∨p → p∗f ∗TZ → h0(E•∨[1])→ R1p∗Ω∨p → R1p∗f ∗TZ → h1(E•∨[1])→ 0,
(5.5)
where Ω∨p = RHomOM¯g,n(Z,Γ)e´t (Ωp,OM¯g,n(Z,Γ)e´t).
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Proof. First of all notie that E•∨ ∼= Rp∗ ([f ∗ΩZ → Ωp]∨). Indeed, by
duality we have
E•∨ := RHomOM¯g,n(Z,Γ)e´t
(
Rp∗([f
∗ΩZ → Ωp]⊗ ωp),OM¯g,n(Z,Γ)e´t
)
∼= Rp∗RHomOM¯g,n(Z,Γ)e´t ([f
∗ΩZ → Ωp]⊗ ωp, ωp)
(see [34℄, Set. VII.4, page 393), then, sine ωp is loally free, we have
E• ∼= Rp∗RHomOM¯g,n(Z,Γ)e´t
(
[f ∗ΩZ → Ωp]⊗ ωp ⊗ ω∨p ,OM¯g,n(Z,Γ)e´t
)
.
Consider the following distinguished triangle
f ∗ΩZ → Ωp → [f ∗ΩZ → Ωp] +1−→,
where the sheaves f ∗ΩZ and Ωp here means omplexes entered in de-
gree 0, the omplex [f ∗ΩZ → Ωp] is the mapping one of the morphism
df : f ∗ΩZ → Ωp. Taking duals in derived ategory, we get the following
distinguished triangle
[f ∗ΩZ → Ωp]∨ → Ω∨p → f ∗TZ +1−→ .
The axioms of triangulated ategories implies that the following triangle
is distinguished
Ω∨p → f ∗TZ → ([f ∗ΩZ → Ωp]∨)[1] +1−→ .
Now apply the derived funtor Rp∗ to get the following distinguished
triangle
Rp∗(Ω
∨
p )→ Rp∗f ∗TZ → Rp∗([f ∗ΩZ → Ωp]∨)[1] +1−→ .
Taking ohomology, we get the following long exat sequene
0 → R−1p∗([f ∗ΩZ → Ωp]∨)[1]→ p∗(Ω∨p )→ p∗f ∗TZ → p∗([f ∗ΩZ → Ωp]∨)[1]
→ R1p∗(Ω∨p )→ R1p∗f ∗TZ → R1p∗([f ∗ΩZ → Ωp]∨)[1]→ 0,
notie that [f ∗ΩZ → Ωp] is entered in [−1, 0] so ([f ∗ΩZ → Ωp]∨)[1] is
also entered in [−1, 0].
Sine f is a stable map, the morphism p∗Ω
∨
p → p∗f ∗TZ is injetive.
This onlude the proof.
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5.3 Proof of the Theorems
Notation 5.3.1. Through this Setion, R will denote a rational double
point of type An and R˜→ R the repant resolution. See Denition 3.1.1
and Remark 3.1.5.
5.3.1 Genaral onsiderations
The key point in the proof of the Theorems is to notie that S is anon-
ially isomorphi to the moduli spae M¯0,0(Z, βij), for any i ≤ j, and
that M¯0,0(Z,Γ) has a bered struture over S with bers isomorphi
to M¯0,0(R˜,Γ).
Lemma 5.3.2. There is a morphism
φ : M¯0,0(Z,Γ)→ S
suh that, for any point p ∈ S, the ber φ−1(p) is isomorphi to
M¯0,0(R˜,Γ). Moreover, there is an étale over U → S and a arte-
sian diagram
U × M¯0,0(R˜,Γ) −−−→ M¯0,0(Z,Γ)
pr1
y yφ
U −−−→ S.
If Γ = βij := βi + ...+ βj, for i ≤ j, then φ is an isomorphism.
Proof. Step 1. We rst prove that for any sheme B of nite type over
C and any objet
C
f−−−→ Z
p
y
B
in M¯0,0(Z,Γ)(B), there is a morphism g : C → E suh that f = j ◦ g,
where j : E → Z is the inlusion.
Let OZ(E) be the line bundle over Z assoiated to the divisor E,
and let s be the setion of OZ(E) dened by E, that is, s = {si} where
si are funtions whih denes the Cartier divisor E. Then f fators
through E if and only if f ∗s vanishes as setion of f ∗OZ(E). We show
that p∗f
∗OZ(E) is the zero sheaf.
First of all we assume that B = Spek(C). Then
ρ∗f∗([C]) = 0,
where ρ∗ and f∗ are the morphisms of Chow groups indued by ρ and f
respetively and [C] is the fundamental lass of C. It follows that
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image of ρ ◦ f is a point y ∈ Y . This point must belong to S beause,
outside S, ρ is an isomorphism. So f(C) ⊂ E and, sine C is redued,
f fators through E ([33℄ exerise 3.11(d) hapter II). Note that f(C)
is ontained in a ber of π : E → S.
Assume now that B is a sheme of nite type over C and f : C → Z
is a stable map over B. Given a point b ∈ B, let X be the subvariety
of B whose generi point is b, namely X = {b}. For any losed point
x ∈ X we have that H0(Cx, f ∗OZ(E)x) = 0 beouse f | Cx fators
through a ber of E over S. By Cohomology and Base Change it
follows that (p∗f
∗OZ(E))x ⊗ k(x) = 0, sine p∗f ∗OZ(E) is oherent it
follows that it is zero on a neighbourhood of x, so it is zero on b.
Step 2. Let ϕ := π ◦ g : C → S, we prove that there exists a morphism
φ : B → S suh that ϕ = φ ◦ p.
First of all we dene a ontinuous map φ : B → S suh that ϕ =
φ ◦ p. From Step 1 it follows that, if b ∈ B is a losed point, then we
an dene φ(b) by:
φ(b) = π(f(Cb)).
Now, let b ∈ B be any point, and let X be the subvariety whose generi
point is b. Then we dene φ(b) to be the generi point of φ(X), the
losure of φ(X) in S. The ondition ϕ = φ ◦ p implies that φ is on-
tinuous. Indeed, p is surjetive and so, for any losed subset T ⊂ S,
φ−1(T ) = π(π−1(φ−1(T ))) = π(ϕ−1(T )). Note that p is surjetive sine
it is dominant and proper (the atness of p implies that p♯ : OB → p∗OC
is injetive).
In order to give a morphism φ : B → S it remains to give a mor-
phism of sheaves
φ♯ : OS → φ∗OB.
We have the following diagram
OS ϕ
♯
// ϕ∗OC
ϕ∗p
−1OB
ϕ∗p−1(p♯)
OO
(5.6)
where p−1(p♯) : p−1OB → OC denote the adjoint of p♯ : OB → p∗OC .
Note that ϕ∗p
−1(p♯) is injetive.
Sine p is proper and surjetive, a diret analysis show that the
anonial morphism OB → p∗p−1OB is an isomorphism. So the mor-
phism φ∗OB → ϕ∗p−1OB = φ∗(p∗p−1OB) is also an isomorphism. Then
we an replae in the previous diagram (5.6), ϕ∗p
−1OB with φ∗OB, and
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get
OS ϕ
♯
// ϕ∗OC
φ∗OB
OO
with the vertial arrow being an inlusion. It follows that we an on-
sider φ∗OB as a subsheaf of ϕ∗OC and so it is enough to show that
the image of OS under ϕ♯ is ontained in φ∗OB. This is equivalent to
say that the morphism OS → ϕ∗OC/φ∗OB indued by ϕ♯ is the zero
morphism. But this is true on the geometri points and so it is true
everywhere.
The last statement follows from the fat that, if Γ = β1 + ... + βn,
then we have an inverse of φ. It is given by sending any morphism
B → S to the following stable map
B ×S E j◦pr2−−−→ Z
pr1
y
B
Lemma 5.3.3. Let γ1, γ2 or γ3 be elements of H
∗(Y ). Then
ΨZΓ (γ1, γ2, γ3) = 0
for any Γ = a1β1 + ...+ anβn.
Proof. By the Equivariane Axiom for Gromov-Witten invariants,
see [19℄ Chapter 7.3, we an assume that γ3 = ρ
∗(δ3). The virtual
dimension of M¯0,3(Z,Γ) is equal to the dimension of Z, dimZ. So, let
γ1, γ2, γ3 be ohomology lasses suh that
deg(γ1) + deg(γ2) + deg(δ3) = dimZ.
We have the following ommutative diagram
M¯0,3(Z,Γ) ev3−−−→ Z × Z × Z
f3,2×f3,0
y yid×id×ρ
M¯0,2(Z,Γ)× M¯0,0(Z,Γ) ev2×ϕ−−−→ Z × Z × Y
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where ϕ = i ◦ φ. Then
ev∗3(γ1 ⊗ γ2 ⊗ ρ∗(δ3)) = (f3,2 × f3,0)∗(ev2 × ϕ)∗(γ1 ⊗ γ2 ⊗ δ3)
=
[
f ∗3,2ev
∗
2(γ1 ⊗ γ2)
] · [f ∗3,0ϕ∗(δ3)]
= f ∗3,2
(
[ev∗2(γ1 ⊗ γ2)] ·
[
f ∗2,0ϕ
∗(δ3)
])
we have used the equality f3,0 = f2,0 ◦ f3,2. On the other hand, the
following equalities hold
[M¯0,3(Z,Γ)]vir = f ∗3,0 [M¯0,0(Z,Γ)]vir
= f ∗3,2f
∗
2,0
[M¯0,0(Z,Γ)]vir
= f ∗3,2
[M¯0,2(Z,Γ)]vir .
So,
ΨZΓ (γ1, γ2, ρ
∗(δ3)) =
∫
f∗3,2[M¯0,2(Z,Γ)]
vir
f ∗3,2
(
[ev∗2(γ1 ⊗ γ2)] ·
[
f ∗2,0ϕ
∗(δ3)
])
= (onstant) ·
∫
[M¯0,2(Z,Γ)]
vir
[ev∗2(γ1 ⊗ γ2)] ·
[
f ∗2,0ϕ
∗(δ3)
]
whih is zero sine the virtual dimension of M0,2(Z,Γ) is the virtual
dimension of M0,3(Z,Γ) minus 1.
It remains the omputation of the invariants of the following form
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)),
where α1, α2, α3 ∈ H∗(S) satisfy the following equation
deg α1 + deg α2 + deg α3 = dimS− 1.
With the next Lemma, we redue this omputation to an integral over
the following lass:
φ∗[M0,0(Z,Γ)]vir ∈ A∗(S)
Lemma 5.3.4. The following equality holds,
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)) =
= (El1 · Γ)(El2 · Γ)(El3 · Γ)
∫
φ∗[M¯0,0(Z,Γ)]vir
(α1 · α2 · α3).
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Proof. Consider the following artesian diagram, whih denes E ×S
E ×S E,
E ×S E ×S E −−−→ E × E × Ey y
S −−−→ S × S × S
where the botom arrow is the diagonal embedding.
From the previous Lemma 5.3.2 it follows that the evaluation mor-
phism ev3 : M¯0,3(Z,Γ) → Z × Z × Z fators through a morphism
˜ev3 : M¯0,3(Z,Γ)→ E×E×E and the inlusion E×E×E → Z×Z×Z.
Moreover, sine the image of any stable map over a geometri point is
ontained in a ber of π : E → S, ˜ev3 fators through a morphism
˜˜ev3 : M¯0,3(Z,Γ) → E ×S E ×S E and the inlusion E ×S E ×S E →
E × E ×E. So, we have the following equalities
ΨZΓ (jl1∗π
∗
l1
(α1), jl2∗π
∗
l2
(α2), jl2∗π
∗
l2
(α2)) =
=
∫
[M¯0,3(Z,Γ)]vir
e˜v∗3
(
j∗jl1∗π
∗
l1
(α1)⊗ j∗jl2∗π∗l2(α2)⊗ j∗jl3∗π∗l3(α3)
)
=
∫
[M¯0,3(Z,Γ)]vir
e˜v∗3 (OE(El1)π∗(α1)⊗OE(El2)π∗(α2)⊗OE(El3)π∗(α3)) .
Notie that j∗jl∗π
∗
l (α) = OE(El)π∗(α), for any l = 1, ..., n and α ∈
H∗(S). Indeed, for any m = 1, ..., n,
k∗mj
∗jl∗π
∗
l (α) = j
∗
mjl∗π
∗
l (α) = [Em ∩ El ⊂ Em] · π∗m(α)
and
k∗m(OE(El)π∗(α)) = j∗mOZ(El)π∗m(α),
whih are equal (see [30℄, Chapter 2.3). Using the fat that e˜v3 fators
through
˜˜ev3 we get∫
[M¯0,3(Z,Γ)]vir
e˜v∗3 (OE(E1)π∗(α1)⊗OE(E2)π∗(α2)⊗OE(E3)π∗(α3))
=
∫
[M¯0,3(Z,Γ)]vir
˜˜ev3 (OE(E1)⊗OE(E2)⊗OE(E3)π∗(α1 · α2 · α3)) .
Now apply the divisor axion and get
ΨZΓ (jl1∗π
∗
l1(α1), jl2∗π
∗
l2(α2), jl2∗π
∗
l2(α2)) =
= (El1 · Γ)(El2 · Γ)(El3 · Γ)
∫
¯[M0,0(Z,Γ)]
vir
φ∗(α1 · α2 · α3). (5.7)
Let pt denote the unique morphism from any sheme over C to
Spec(C). Then the integral (5.1) is the degree of the homology lass
pt∗
(
ev∗3(γ1 ⊗ γ2 ⊗ γ3) ∩
[M¯0,3(Z,Γ)]vir) .
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Using the projetion formula ([40℄ pag. 328) and the equality pt = φ◦pt,
(5.7) beomes:
(El1 · Γ)(El2 · Γ)(El3 · Γ)pt∗
(
α1 · α2 · α3 ∩ φ∗[M¯0,0(Z,Γ)]vir
)
.
At this point, to onlude the proof, we proeed as follows. First
we show that
φ∗[M¯0,0(Z,Γ)]vir =
{
1
a3
[M¯0,0(Z, βij)]vir if Γ = aβij,
0 otherwise.
(5.8)
Seond, that
[M¯0,0(Z, βij)]vir = c1(K). (5.9)
Let us explain our idea to prove (5.8), it will be motivated by our
proof of Theorems 5.1.3, 5.1.4 and 5.1.5. Let us denote by M the
moduli stak M¯0,0(Z,Γ) and by
φM : E
•
M → L•M
the obstrution theory onM given as in (5.3). We will identify M¯0,0(Z, βij)
with S and the obstrution theory will be denoted by
φS : E
•
S → L•S.
Remark 5.3.5. Sine S is smooth, L•S is given by the loally free sheaf
ΩS in degree zero.
Suppose that we have a morphism φ∗ (E•S) → E•M suh that the
following diagram ommutes
φ∗ (E•S) −−−→ E•M
φ∗(φS)
y yφM
φ∗ (L•S) −−−→ L•M
(5.10)
where the botom row is the morphism indued by φ : M→ S. Then,
we an omplete (5.10) to a morphism of distinguished triangles as
follows
φ∗ (E•S) −−−→ E•M −−−→ E•M/S +1−−−→
φ∗(φS)
y yφM yφM/S
φ∗ (L•S) −−−→ L•M −−−→ L•M/S +1−−−→
(5.11)
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where L•M/S is the relative otangent omplex of M over S and E•M/S
is, a priori, an objet in D(OMe´t). We want to nd onditions suh
that
φM/S : E
•
M/S → L•M/S
is a relative obstrution theory for M over S, see [10℄ Setion 7. From
diagram (5.11) it follows that, if the map
h−1 (φ∗ (E•S))→ h−1 (E•M)
is injetive, then φM/S : E
•
M/S → L•M/S is a relative obstrution theory.
Suppose that this is the ase. Then, we have an indued perfet
obstrution theory on eah ber of φ, [10℄ Proposition 7.2. An easy di-
mension ount shows that this obstrution theory has virtual dimension
zero.
The fat that φ : M → S is loally trivial implies that, under the
identiation of eah ber of φ with M¯0,0(R˜,Γ), the obstrution theory
indued on the former stak does not depends on the point in S.
Notation 5.3.6. Let us denote by F the stak M¯0,0(R˜,Γ), by E•F the
obstrution theory on F indued by E•M/S and by [F ]
vir
the virtual
fundamental lass.
Using the previous fats, we an prove the following formula
φ∗[M]vir = degree([F ]vir) · [S]vir (5.12)
So, to prove (5.8), it remains to show that
degree([F ]vir) =
{
1
a3
if Γ = aβij ,
0 otherwise.
(5.13)
We have to understand E•F . The obstrution theory E
•
F an be
obtained as follows. Let X → ∆ be a generi deformation of R˜, where
∆ ⊂ C is a small open dis entered at the origin 0 ∈ C. We mean that
R˜ is isomorphi to the ber of X → ∆ in 0. Notie that X is a Calabi-
Yau threefold. The embedding R˜ → X gives a group homomorphism
H2(R˜,Z) → H2(X,Z) and, by abuse of notation, we will denote by
Γ ∈ H2(X,Z) the image of Γ ∈ H2(R˜,Z). Sine X → ∆ is generi, we
will have an isomorphism as follows,
F ∼= M¯0,0(X,Γ).
This follows easily from the expliit desription of the semiuniversal
deformation spae of R˜ given in [36℄ Theorem 1, see also [57℄ Setion 3.
Then E•F oinides with the obstrution theory (5.3) for to M¯0,0(X,Γ).
Now, (5.13) follows from the omputation given in [13℄ Proposition
2.10.
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5.3.2 The A1 ase
Here we prove Theorem 5.1.3. This is a straightforward generalization
of [38℄ Theorem 3.5 (ii).
Notation 5.3.7. The exeptional divisor E is irreduible and moreover
the following desription holds: E ∼= P(F ), where F is a rank two
vetor bundle on S, NE/Z ∼= OF (−2) ⊗ π∗L, where L is dened by
∧2F ⊗ L ∼= R1π∗NE/Z . See Proposition 4.3.2.
In this setion Γ will be aβ, for a positive integer a.
The universal stable morphism f : C → Z fators through a mor-
phism g : C → E. See Lemma 5.3.2.
Lemma 5.3.8. The moduli stak M¯0,0(Z, aβ) is smooth of dimension
dim S + 2a− 2. The virtual fundamental lass is given by
[M¯0,0(Z, aβ)]vir = cr(h1(E•∨)) · [M¯0,0(Z, aβ)] (5.14)
where
h1(E•∨) ∼= R1p∗(g∗NE/Z) (5.15)
is a vetor bundle of rank r = 2a− 1.
Proof. The smoothness of M¯0,0(Z, aβ) follows from the fat that the
bers of φ are smooth, where φ is dened in Lemma 5.3.2. Indeed they
are all isomorphi to M¯0,0(P1, aβ). Moreover from Proposition 5.2.7 it
follows that they have dimension 2a− 1.
Equation (5.14) follows from Proposition 5.2.8, so, it remains to
prove equation (5.15). We will show that
R1p∗(f
∗TZ) is a vetor bundle of rank 2a− 1,
and that
R1p∗(g
∗NE/Z) ∼= R1p∗(f ∗TZ). (5.16)
Then the Lemma will follows from Proposition 5.2.11.
Sine H2(p−1(u), f ∗TZ |p−1(u)) = 0, R2p∗(f ∗TZ) is loally free of rank
0, see [33℄ Theorem 12.11 (Cohomology and Base Change). So, it is
enough to prove that H1(p−1(u), f ∗TZ)|p−1(u)) is independent from u.
Let u = [µ : D → Z] ∈ M¯0,0(Z, aβ) be a stable map. From the
following exat sequene of loally free sheaves on E
0→ TE → TZ |E → NE/Z ∼= OE(−2)→ 0,
we get the following
0→ µ∗TE → µ∗TZ|E → µ∗OE(−2)→ 0.
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Sine H1(D, µ∗TE) = 0, we get
H1(D, µ∗TZ) ∼= H1(D, µ∗Oµ(D)(−2))
whih has dimension 2a− 1.
To prove (5.16), onsider the following exat sequene
0→ TE → TZ |E → NE/Z → 0,
then apply R•p∗.
Remark 5.3.9. From the previous Lemma, it follows that
[M¯0,0(Z, β)]vir = c1(R1π∗NE/Z) · [M¯0,0(Z, β)].
Lemma 5.3.10. We have the following exat sequene:
0→ φ∗(R1π∗NE/Z)→ R1p∗(g∗NE/Z)→ F → 0,
where F is a vetor bundle of rank 2a − 2 whose restrition on eah
ber of φ is given as follows. Let p ∈ S and onsider the following
ommutative diagram:
Cφ−1(p)
g|−−−→ Ep
p|
y yπp
φ−1(p)
φ|−−−→ {p}
where Cφ−1(p) is p−1(φ−1(p)) and p | (resp.g |) is the restrition of p
(resp. g) on it, Ep is the ber π
−1(p) and πp is the restrition of π.
Then, the restrition of F to p−1(φ−1(p)) is:
R1p |∗
(
g |∗(OEp(−1)⊕OEp(−1))
)
.
Proof. Sine E ∼= P(F ), we have the surjetive morphism: π∗(F∨)→
OF (1). Its kernel is (∧2π∗(F∨)) ⊗ OF (−1). So, we have the following
exat sequene
0→ (∧2π∗(F∨))⊗OF (−1)→ π∗(F∨)→ OF (1)→ 0,
whih, tensorized with (π∗∧2F ⊗L)⊗OF (−1) gives the following one
0→ NE/Z → π∗(F ⊗ L)⊗OF (−1)→ π∗(R1π∗NE/Z)→ 0, (5.17)
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see Proposition 4.3.2.
The pull bak, under g, of (5.17) on C gives a short exat sequene
of vetor bundles, and then taking R•p∗ we have the following long
exat sequene:
0 → p∗g∗NE/Z → p∗ (p∗φ∗(F ⊗ L)⊗ g∗OF (−1))→ p∗p∗φ∗R1π∗NE/Z
→ R1p∗(g∗NE/Z)→ R1p∗ (p∗φ∗(F ⊗ L)⊗ g∗OF (−1))
→ R1p∗(p∗φ∗R1π∗NE/Z)→ 0.
Notie that
p∗ (p
∗φ∗(F ⊗ L)⊗ g∗OF (−1)) ∼= 0
by Cohomology and Base Change. Moreover, projetion formula gives
p∗p
∗φ∗R1π∗NE/Z ∼= φ∗(R1π∗NE/Z) and
R1p∗(p
∗φ∗R1π∗NE/Z) ∼= φ∗(R1π∗NE/Z)⊗ R1p∗OC ∼= 0.
So, the result follows by dening
F := R1p∗ (p∗φ∗(F ⊗ L)⊗ g∗OF (−1)) .
Finally, to prove (5.8), and so to omplete the proof of Theorem
5.1.3, we have to show that∫
φ−1(p)
c2a−2
(
R1p|∗
(
g∗| (OEp(−1)⊕OEp(−1))
))
=
1
a3
.
This is proved in [19℄ Theorem 9.2.3.
5.3.3 The An ase, n ≥ 2
We prove Theorem 5.1.4.
Notation 5.3.11. For any i, j ∈ {1, ..., n} with 1 ≤ i ≤ j ≤ n, we will
denote by Eij the union Ei ∪ ... ∪ Ej. The restrition of π to Eij will
be denoted by πij .
The moduli stak M¯0,0(Z, βij) will be denoted by S, see Lemma
5.3.2.
Notie that we an assume that i = 1 and j = n, so that Eij = E
and βij = β1, ..., βn. The moduli stak is smooth of virtual dimension
dim S − 1, so the virtual fundamental lass is given by
[S]vir = c1(h
1(E•S
∨)) · S
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where E•S is given as follows, see (5.3):
E•S = R
•π∗([ΩZ |E → Ωπ]⊗ ωπ).
Lemma 5.3.12.
h1(E•S
∨) ∼= R1π∗NE/Z .
proof. The omplex of sheaves on E:
ΩZ |E → Ωπ, (5.18)
is isomorphi, in the derived ategory D(OE), to a loally free sheaf
G in degree −1. Indeed, the morphism ΩZ |E → Ωπ is surjetive and,
denoting by G its kernel, we have the following exat sequene
0→ G→ ΩZ | E → Ωπ → 0.
Sine Ωπ is of projetive dimension one, it follows that G is loally free.
So,
h1(E•S
∨) ∼= R1π∗(G∨).
We have the following exat sequene
0→ OZ(−E) | E → G→ π∗ΩS → 0. (5.19)
This follows from a diagram hasing in the next diagram,
0

π∗ΩS

0 // OZ(−E) | E // ΩZ | E
=

// ΩE

// 0
0 // G // ΩZ | E // Ωπ

// 0
0
Then, taking the dual of (5.19) and applying R•π∗ we get the fol-
lowing isomorphism
R1π∗(G
∨) ∼= R1π∗NE/Z ,
whih omplete the proof.
The proof of Theorem 5.1.4 will be ompleted by the following
Lemma.
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Lemma 5.3.13.
R1πij∗NEij/Z
∼= K.
Proof. Let us rst assume that i < j. Let a be an integer whih
satises i ≤ a < j. Let E˜a = Ei ∪ ... ∪ Ea and E¯a+1 = Ei+1 ∪ ... ∪ Ej .
Let us denote by Sa = E˜a∩E¯a+1. Consider the following exat sequene
0→ OEij → OE˜a ⊕OE¯a+1 → OSa → 0,
this gives the following,
0→ NEij/Z → NE˜a/Z(Sa)⊕NE¯a+1/Z(Sa)→ NEij/Z |Sa,
notie that NEij/Z | E˜a = (OZ(E˜a + E¯a+1)) | E˜a = NE˜a/Z ⊗OZ(E¯a+1) |
E˜a and OZ(E¯a+1) | E˜a is, by denition, the line bundle assoiated to
the intersetion of E˜a with the divisor E¯a+1, so it is OE˜a(Sa).
We now laim that
R1πij∗NEij/Z
∼= NE/Z | Sa.
This follows from the long exat sequene assoiated to the funtor
R•π∗ one we notie that
Rpπ∗NE˜a/Z(Sa) = R
pπ∗NE¯a+1/Z(Sa) = 0 for all p ≥ 0. (5.20)
To see this, let C˜a be a ber of E˜a, C¯a+1 be a ber of E¯a+1 and pa =
C˜a ∩ C¯a+1. We an assume that C˜a, C¯a+1 and pa are embedded in the
surfae R˜ as a part of the exeptional divisor of R˜→ R. Then, to prove
(5.20) is equivalent to prove the following identities,
Hp(C˜a, NC˜a/R˜(pa)) = H
p(C¯a+1, NC¯a+1/R˜(pa)) = 0 for all p ≥ 0.
To prove the equality: Hp(C˜a, NC˜a/R˜(pa) = 0, we proeed by indution
on a. As before we have the exat sequene
0→ NC˜a/R˜ → NC˜a−1/R˜(pa−1)⊕NCa/R˜(pa−1)→ NC˜a/R˜ | pa−1 → 0
whih tensorized by OC˜a(pa) gives
0→ NC˜a/R˜(pa)→ NC˜a−1/R˜(pa−1)⊕NCa/R˜(pa−1 + pa)→ NC˜a/R˜ | pa−1.
To prove the seond isomorphism notie that
NE/Z | Sa = (OZ(Ea + Ea+1)) | Sa
= (NEa/Z ⊗OZ(Ea+1) | Ea) | Sa
= NEa/Z | Sa ⊗OEa(Sa) | Sa.
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The result follows from the expliit desription of the divisors Ei in
terms of the line bundles Li,Mi and K given in Proposition 4.3.3.
We now prove Theorem 5.1.5. We will use the fat that Gromov-
Witten invariants are invariants under deformation of the omplex
struture of Z. The hypothesis of the Theorem will allow us to de-
form Z in a onvenient way.
Notation 5.3.14. For any variety X , we will denote by TX the sheaf
of C-derivations, i.e.,
TX = HomOX (Ω1X ,OX),
where Ω1X is the sheaf of dierentials of X .
Proposition 5.3.15. Under the hypothesis H2(Y, TY ) = 0, we have
the following exat sequene of ohomology groups:
0→ H1(Y, TY )→ H1(Z, TZ)→ ⊕nl=1H0(S,R1πl∗NEl/Z)→ 0. (5.21)
Proof. From the Leray spetral sequene, we have the following exat
sequene of ohomology groups,
0 → H1(Y, TY )→ H1(Z, TZ)→ H0(Y,R1ρ∗TZ)
→ H2(Y, TY )→ H2(Z, TZ),
where we have used the fat that ρ∗TZ is isomorphi to TY . This is true
sine Y has quotient singularities, see [56℄ Lemma 1.11 for the proof,
see also [14℄ for a proof in dimension 2. The vanishing of H2(Y, TY )
gives the following short exat sequene:
0→ H1(Y, TY )→ H1(Z, TZ)→ H0(Y,R1ρ∗TZ)→ 0.
We now laim that R1ρ∗TZ is isomorphi to i∗
(⊕nl=1R1πl∗NEl/Z).
First of all notie that there is a morphism
R1ρ∗TZ → i∗
(⊕nl=1R1πl∗NEl/Z) . (5.22)
It is the omposition of the morphism i∗ (R1ρ∗TZ) → R1π∗TZ | E, as
dened in [33℄ remark 9.3.1 Chapter III, and the morphism indued by
TZ | E → ⊕nl=1NEl/Z , as the sum of TZ | E → NEl/Z . We will prove
that (5.22) is an isomorphism.
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Sine this is a loal problem, let us suppose that Z = Ck × R˜.
Then, from Künneth formula and the fat that the surfae singularity
is rational, we have the following isomorphism
H1(Ck × R˜, T
Ck×R˜)
∼= H0(Ck,OCk)⊗H1(R˜, TR˜).
Let C = C1 ∪ ... ∪ Cn ⊂ R˜ be the exeptional lous with the Cl be
the irreduible omponents. Then, we have the following isomorphism:
H1(R˜, TR˜)
∼= ⊕nl=1H1(Cl, NCl/R˜),
see [14℄ (1.8), and this shows that (5.22) is an isomorphism.
Remark 5.3.16. It is known that H1(Y, TY ) is in 1−1 orrespondene
with the set of loally trivial rst order deformations of Y modulo iso-
morphism. In the same way H1(Z, TZ) is in 1− 1 orrespondene with
the set of rst order deformations of Z modulo isomorphisms. So, the
sequene (5.21) has the following meaning in deformation theory: to
any rst order loally trivial deformation of Y we an assoiate a rst
order deformation of Z, the remaining deformations of Z ome from
H0(Y,R1ρ∗TZ). We are interested in understanding the last deforma-
tions.
Lemma 5.3.17. For any subset I ⊂ {1, ..., n}, let us denote by EI =
∪l∈IEl. Let πI : EI → S be the restrition of π. ThenH0(S,R1πI∗NEI/Z)
is an obstrution spae for deformations of EI in Z. This means that,
there is a morphism
ob : H0(S,⊕nl=1R1πl∗NEl/Z)→ H0(S,R1πI∗NEI/Z)
whih assoiates to any σ ∈ H0(S,⊕nl=1R1πl∗NEl/Z) the obstrution
ob(σ) to extend EI to the rst order deformation assoiated to σ, see
Remark 5.3.16.
Proof. There is a morphism
ob : H1(Z,TZ)→ H1(EI,NEI/Z)
whih assoiate, to any rst order deformation Z of Z, the obstru-
tion to the existene of a rst order deformation EI of EI in Z, see
[54℄ Proposition II.3.3. Sine H1(Y, TY ) orresponds to loally trivial
deformations Y of Y , any element Yt of the family has tranversal An
singularities. The deformation Z of Z indued by Y is a simultaneous
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resolution, so it ontains a deformation of EI . It follows that ob fators
through H0(S,⊕nl=1R1πl∗NEl/Z). By abuse of notations we will denote
by ob this indued morphism.
To onlude the proof, we will show that
H1(EI , NEI/Z)
∼= H0(S,R1πI∗NEI/Z).
We use the Leray spetral sequene, Hp(S,RqπI∗NEI/Z)⇒ Hp+q(EI , NEI/Z),
to get the following exat sequene:
0 → H1(S, πI∗NEI/Z)→ H1(EI , NEI/Z)→ H0(S,R1πI∗NEI/Z)
→ H2(S, πI∗NEI/Z),
where πI : EI → S is the restrition of π to EI . Sine πI∗NEI/Z = 0 and
H2(S, πI∗NEI/Z) = 0, we have an isomorphism between H
1(EI , NEI/Z)
and H0(S,R1πI∗NEI/Z).
Let σ ∈ H0(S,⊕nl=1R1πl∗NEl/Z) be a setion, and let
Z −−−→ Z1y y
Spec(C) −−−→ Spec
(
C[ǫ]
(ǫ2)
)
be the orresponding rst order deformation of Z. Then, there exists a
nite deformation of Z whih, at the rst order, oinides with the one
given by σ, we will denote this deformation as follows
Z −−−→ Zy y
{0} −−−→ ∆
(5.23)
where ∆ is a small dis in C around the origin 0 ∈ C. Indeed, by the
Kodaira-Nirenberg-Spener Theorem (1958), there exists a omplete
family of deformations of Z, see [54℄ for a review.
Let V be a neighbourhood of E in Z and r : V → S be a morphism
whose restrition to E oinides with π. Now, the deformation (5.23)
indues a deformation V of V . We an hoose V suh that r extends
to r˜ : V → S, here we use the hypothesis H1(S, TS) = 0. Moreover,
for K suiently ample, the deformation (5.23) an be hosen in suh
a way the lous of points p ∈ S suh that there exists a rational urve
in r˜−1(p) whose homology lass is Γ has odimension one, if Γ = aβij ,
and has odimension stritly greater then one if Γ 6= aβij .
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The previous onsiderations shows that, if Γ 6= aβij , then all the
Gromov-Witten invariants vanish. Indeed the virtual dimension of
M¯0,0(Z,Γ) is dim S − 1. If Γ = aβij , then the lous of points p ∈ S
suh that there exists a rational urve in r˜−1(p) whose homology lass
is Γ is {p ∈ S : ob(σ)(p) = 0}, where σ ∈ H0(S,⊕nl=1R1πl∗NEl/Z) and
ob is the morphism dened in Lemma 5.3.17.
5.4 Quantum orreted ohomology ring for
An-singularities
Let Y be a variety with transversal An-singularities and ρ : Z → Y
be the repant resolution. We ompute the quantum orreted up
produt ∗ρ Dened in Chapter 2.4.
Convention 5.4.1. We will taitly assume that uor spaes S, Y, Z full
the required hypothesis in order to be able to apply Theorem 5.1.3, 5.1.4
or 5.1.5.
Notation 5.4.2. Sine the repant resolution ρ : Z → Y is unique, the
quantum orreted up produt ∗ρ will be denoted by ∗.
Let γ1, γ2 ∈ H∗(Z), then the produt γ1 ∗ γ2 will be represented by
a family of ohomology lasses in H∗(Z) whih depend on n omplex
parameters q1, ..., qn. More preisely, for any γ1, γ2, γ3 ∈ H∗(Z), one
denes the quantum orreted triple intersetion 〈γ1, γ2, γ3〉ρ(q1, ..., qn)
as follows:
〈γ1, γ2, γ3〉ρ(q1, ..., qn) = 〈γ1, γ2, γ3〉+ 〈γ1, γ2, γ3〉qc(q1, ..., qn),
where 〈γ1, γ2, γ3〉 =
∫
Z
γ1∪γ2∪γ3 and 〈γ1, γ2, γ3〉qc(q1, ..., qn) is the quan-
tum orreted 3-point funtion, see (2.4). Note that, 〈γ1, γ2, γ3〉ρ(q1, ..., qn),
is a omplex valued funtion dened on the domain of denition of the
quantum orreted 3-point funtion. Then, the quantum orreted up
produt, γ1 ∗ γ2, is dened by the following equation:
〈γ1 ∗ γ2, γ〉 = 〈γ1, γ2, γ〉ρ(q1, ..., qn), for all γ ∈ H∗(Z).
So, γ1 ∗ γ2 is a ohomology lass in H∗(Z) whih depends on the pa-
rameters q1, ..., qn. The vetor spae H
∗(Z) with the produt ∗ forms
a family of rings depending on the parameters q1, ..., qn, see Theorem
2.4.14. This family will be denoted by H∗(Z)(q1, ..., qn). Clearly the pa-
rameters q1, ..., qn belongs to the domain where the quantum orreted
3-point funtion is dened.
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Notation 5.4.3. Let us dene γ1 ∗ǫ γ2 by the following equation
〈γ1 ∗ǫ γ2, γ〉 = 〈γ1, γ2, γ〉qc(q1, ..., qn), for all γ ∈ H∗(Z). (5.24)
Then, if γ1∪γ2 = δ+α1E1+...+αnEn and γ1∗ǫγ2 = δǫ+ǫ1E1+...+ǫnEn,
γ1 ∗ γ2 = δ + δǫ + (α1 + ǫ1)E1 + ...+ (αn + ǫn)En.
Remark 5.4.4. If γ1 ∈ H∗(Y ) or γ2 ∈ H∗(Y ), then γ1∗γ2 = 0. Indeed,
under these hypothesis, all the Gromov-Witten invariants ΨZΓ (γ1, γ2, γ3)
are zero.
So, we an assume γ1 = Ei and γ2 = Ej .
Remark 5.4.5. Ei ∗ǫ Ej ∈ H∗(Y )⊥, where H∗(Y )⊥ is the subspae of
H∗(Z) whih is orthogonal to H∗(Y ) with respet to the ususal pairing
〈, 〉 = ∫
Z
.
Lemma 5.4.6. The following expression holds:
Ei ∗ǫ Ej =
n∑
l,m=1
(c−1n )lmRijm(q)c1(K)El, (5.25)
where, cn is the n × n matrix (4.8), K is the line bundle on S dened
in Lemma 3.4.3 if n ≥ 2 and is R1π∗(NE/Z) if n = 1, (q) denote
(q1, ..., qn), and Rijm(q) is dened by the following expression:
Rijm(q) =
∑
r≤s
(Ei · βrs)(Ej · βrs)(Em · βrs) qr · · · qs
1− qr · · · qs .
As usual, βrs = βr + ...+ βs.
Proof. Let Ei ∗ǫ Ej = ǫ1E1 + ... + ǫnEn. Then, the left hand side of
(5.24) beomes
〈Ei ∗ǫ Ej , αEk〉 =
∫
Z
n∑
l=1
jl∗π
∗
l (ǫl) ∪ αEk
=
n∑
l=1
∫
Y
ρ∗(jl∗π
∗
l (ǫl) ∪ αEk)
=
n∑
l=1
∫
Y
ρ∗jl∗(π
∗
l (ǫl) ∪ jl∗(αEk))
=
n∑
l=1
∫
Y
i∗πl∗(π
∗
l (ǫl ∪ α) ∪ [El ∩ Ek ⊂ El])
=
∫
S
(ǫk−1 − 2ǫk + ǫk+1) ∪ α.
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On the other hand
〈Ei, Ej, αEk〉qc(q) =
∞∑
a=1
∑
1≤r≤s≤n
(qr · · · qs)a(Ei · βrs)(Ej · βrs)(Ek · βrs)
∫
S
α ∪ c1(K)
= Rijk(q)
∫
S
α ∪ c1(K).
So, we get the following equations for ǫ1, ..., ǫn:∫
S
(ǫk−1 − 2ǫk + ǫk+1) ∪ α = Rijk(q)
∫
S
α ∪ c1(K) for α ∈ H∗(S).
As a onsequene, we have the following result.
Proposition 5.4.7. The following expression holds for Ei ∗ Ej:
Ei ∗ Ej =
n∑
l,m=1
(c−1n )lm{Rijm(q)c1(K) + αijm}El, (5.26)
where
(αij1, ..., αijn) =


0
if |i− j| > 1;
(0, ..., 0, iK −M,M − (i− 1)K, 0, ..., 0)
if j = i− 1;
(0, ..., 0,M − (i− 1)K,−4K, (i+ 1)K −M, 0, ..., 0)
if j = i,
where, in the seond row, iK −M is in the (i− 1)-th plae, and in the
third −4K is in the i-th plae.
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Chapter 6
Comparisons for A1, A2 and
onlusions
We put together the omputations of the previous hapters in order to
verify Ruan's onjeture for orbifolds with transversal An-singularities.
Atually we have a omplete piture only when n = 1, 2. These ases
gives informations about how things should go in the general ase.
6.1 The A1 ase
Form Lemma 5.4.6 we immediately get
E ∗ǫ E = 4 q
1− q c1(R
1π∗NE/Z)E.
So, from Proposition 4.4.2, we get the following expression for the quan-
tum orreted up produt:
E ∗ E = −2i∗([S]) +
(
2 + 4
q
1− q
)
c1(R
1π∗NE/Z)E.
The orbifold ohomology ring H∗orb([Y ]) has been omputed in Ex-
ample 3.5.2. It is easy to see that the following morphism is a ring
isomorphism
H∗orb([Y ]) → H∗(Z)(−1)
(δ, α) 7→ (δ,
√−1
2
α),
where H∗(Z)(−1) is the ring H∗(Z)(q), dened in Theorem 2.4.14, for
q = −1.
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6.2 The A2 ase
We will taitly assume that uor spaes S, Y, Z full the required hy-
pothesis in order to be able to apply Theorem 5.1.3, 5.1.4 or 5.1.5.
Notation 6.2.1. We will use the following notation: δ1 =
q1
1−q1
, δ2 =
q2
1−q2
and δ3 =
q1q2
1−q1q2
.
The following expressions holds for ∗ǫ:
E1 ∗ǫ E1 = −2[S] + ((2 + 4δ1 + δ3)M + (3 + 4δ1 + δ3)L)E1
+ ((δ1 + δ3)M + (2 + δ2 + δ3)L)E2
E1 ∗ǫ E2 = [S] + ((−1− 2δ1 + δ3)M + (−2δ1 + δ3)L)E1
+ ((−2δ2 + δ3)M + (−1− 2δ2 + δ3)L)E2
E2 ∗ǫ E2 = −2[S] + ((2 + δ1 + δ3)M + (δ1 + δ3)L)E1
+ ((3 + 4δ2 + δ3)M + (2 + δ2 + δ3)L)E2.
Remark 6.2.2. Notie that, for q1 = q2 = −1, δ3 = ∞, so, we have
to modify slightly the ohomologial repant resolution onjeture (see
Conjeture 2.4.16). In any ase,
The orbifold ohomology ring for transversal A2-singularities has
been omputed in Example 3.5.3. The resulting ring is desribed as
follows:
e1 ∪orb e1 = Le2
e1 ∪orb e2 = 1
3
[S]
e2 ∪orb e2 = Me1.
Remark 6.2.3. Notie that the previous expressions, for the quantum
orreted up produt ∗ and for the orbifold up produt, are symmetri
if we exhange E1 ↔ E2, L↔M and e1 ↔ e2.
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Theorem 6.2.4. The pairs (q1, q2) for whih there exists a ring isomor-
phism H∗(Z)(q1, q2)→ H∗orb([Y ]) whih respets the symmetry desribed
in Remark 6.2.3 are: q1 = q2 = exp(
2
3
πi) and q1 = q2 = exp(
4
3
πi).
Proof. We are looking for a linear isomorphism(
E1
E2
)
=
(
a b
c d
)(
e1
e2
)
. (6.1)
In order for it to respets the symmetry, we must have a = d and b = c.
The ondition to be a ring homomorphism gives a lot of equations,
in partiular we have δ1 = δ2. Moreover we get the following two
possibilities: a =
√
3exp(π
6
i) and b =
√
3exp(5
6
πi), or a = −√3exp(5
6
πi)
and b =
√
3exp(π
6
i). The rst hoie orresponds to q1 = q2 = exp(
2
3
πi),
the seond to q1 = q2 = exp(
4
3
πi).
Comments 6.2.5. As pointed out in Remark 5.1.7, if the orbifold [Y ]
arries a holomorphi sympleti 2-form, then our Gromov-Witten in-
variants are zero. It is easy to see that the isomorphismsH∗(Z)(q1, q2)→
H∗orb([Y ]) founded in Theorem 6.2.4 are still isomorphisms in this ase,
i.e. in the holomorphi sympleti ase. So, to nd an isomorphism
in the An ase, one an try to nd an isomorphi under the addi-
tional hypothesis for [Y ] to arries an holomorphi sympleti 2-form,
and then try to prove that this is still an isomorphism in the general
ase. Of ourse the natural andidates for the parameters q1, ..., qn is
q1 = ... = qn equal to a nth root of unit, suh that q1 · · · qn 6= 1.
Index
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degree shifting, 21
degree shifting number, 22
dierential form, 15
global quotient, 6
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inertia orbifold, 21
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kernel of the ation, 2
Linearization lemma, 5
loal group, 4
monodromy, 35, 40
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of a topologial overing, 39
morphism between orbifolds, 10
multisetor, 24
natural transformation, 8, 11
natural trnsformation, 10
nontwisted setor, 21
obstrution bundle, 25
obstrution bundle for orbifold
ohomology, 26
obstrution theory
for Gromov-Witten invariants,
71
obstrution theory, 70
perfet, 70
orbifold, 1
orbifold
atlas
omplex, 5
omplex, 5
omplex dimension, 5
dimension, 3
redued, 4
smooth, 2
orbifold atlas, 2
orbifold ohomology group, 22
orbifold otangent bundle, 16
orbifold up produt, 26
orbifold dierential form, 16
orbifold tangent bundle, 15, 16
orbifold vetor bundle
omplex, 17
holomorphi setion of, 17
smooth, 15
smooth setion of, 15
orbifold with transversal ADE-
singularities, 38
Poinaré duality, 23
Poinaré duality for orbifolds, 17
polyhedral groups, 36
quantum orreted 3-point fun-
tion, 29
quantum orreted up produt,
30
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quantum orreted triple inter-
setion, 30
rational double point, 35
rational double points, 35
resolution graph, 37
topologial overing, 39
twisted setor, 21
uniformizing system
at a point, 4
omplex, 4
omplex dimension of, 5
omplex embedding of, 5
dimension of, 2
embedding of, 2
for an open subset, 1
indued, 3
universal urve, 71
universal stable map, 71
virtual dimension, 70
virtual fundamental 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weighted homogeneous, 7
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